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ABSTRACT 
- An investigation was undertaken of the response of an underwater 
enclosure of optimum form to a variety of loadings to which it could be 
subjected during its construction, tow-out, installation and operational 
stages. 
The use of the finite element method for the linear static stress analysis 
under both axisymmetric and non-axisvmmetric loads, linear and non-linear 
buckling analyses and free vibration analysis of a small prototype was 
examined. Several different finite elements were employed and for each 
type of analysis a particular finite element was recommended for use in 
design. 
These recommendations were substantiated by a series of experimental 
investigations on the small prototype. 
In addition to this, a comparison of the finite element method with the 
membrane theory for thin shells was made for the linear static stress 
analysis of the structure under axisymmetric loading to determine whether 
the classical approach could be of any use in the initial stages of design. 
Finally, based on the findings and recommendations from the work done 
on the prototype, an underwater oil storage tank was designed and its 
responses to some of the important loadings it could be subjected to was 
examined. 
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NOTATION 
A list of symbols used in this thesis is given below: 
A 	= cross sectional area 
Am 	= amplitude for a particular value of m 
a 	= maximum wave particle acceleration 
C0 	= drag force coefficient 
C m 	= inertia coefficient 
c, 	= pressure coefficient 
C(9) 	= pressure coefficient as function of 9 
= wave celerity in still water 
D 	= width of structure 
d 	= depth of water 
d m 	= mean diameter of structure 
E 	= Young's modulus of elasticity 
F, 	= inertia force 
Fd 	= drag force 
F(9) 	= load as a function of 9 
G 	= dynamic gust factor 
H 	= wave height 
H C wave height in a current 
k 	= constant 
I total 	v 	¼,JIO I 	length  	I 	II 
L 	= wave length (chapter 7) 
M 	= mass 
M am 	= added mass 
M e ff 	= effective mass 
xiii 
m 	= meridional wave 
N4 	= stress resultant in meridional direction 
Ne 	= stress resultant in circumferential direction 
P 1 	= single vertical load at the apex 
P(s) 	= load as a function of e 
P(e,Z) 	= load as a function of e and Z 
Q 	= magnification factor 
Re 	= Reynold's number 
r0 	= radius of parallel circle 
r 1 	= meridional radius of curvature 
r2 	= circumferential radius of curvature 
S 	= meridional distance 
s 	= meridional coordinate 
I 	= wave period 
t 	= shell wall thickness 
t 	= time (Chapter 7) 
U 	= displacement in global X direction (LUSAS) 
U 	= current velocity (Chapter 7) 
U. 	= displacement in global X direction (PAFEC) 
U 	= displacement in global V direction (PAFEC) 
U 	= displacement in global Z direction (PAFEC) 
Uxm 	= displacement in global X direction for a 
particular value of m (PAFEC) 
Uym 	= displacement in global V direction for a 
particular value of m (PAFEC) 
Uzm 	= displacement in global Z direction for a 
particular value of m (PAFEC) 
U(Z) 	= mean wind speed at a height Z 
U 	 = meridional displacement (Mistry) 
U max 	= max. horizontal water particle velocity 
U 
xiv 
Umax 	= max. horizontal water particle acceleration 
mean velocity of flow 
Vd 	= volume of liquid displaced 
V 	= displacement in global Y direction (LUSAS) 
V 	= design wind speed 
v 	= circumferential displacement (Mistry) 
W 	= displacement in global Z direction (LUSAS) 
w 	= normal displacement (Mistry) 
X, y, z 	= rectangular coordinates 
Z' 	= radial load intensity (Chapter 3) 
Z 	= vertical height (Chapter 7) 
= power law exponent of the mean wind 
speed profile 
= rotation about nodal ring (Mistry) 
= 27r/L (Chapter 7) 
angle of inclination of the meridian 
= rotation about global Z axis (PAFEC) 
= frequency ratio 
W 	 = natural frequency 
= Poissons ratio (Chapter 2) 
U 	 = kinematic viscosity 
p 	= mass density 
Y 	= specific weight 
9 	= circumferential coordinate 
e,. e 2 = loof rotations 
= curvilinear coordinates 
= meridional stress 
= circumferential stress 
= damping ratio 
xv 
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The underwater world has been a source of food and wealth to many 
developing civilisations over the centuries. The earliest records of 
underwater activities date back to 4500BC in Mesopotamia 1 and in ancient 
history, great writers such as Homer and Aristotle referred to divers hunting 
for food and going in search of pearls, sponges and sunken treasures. 
This exploration of the submarine environment and the exploitation of its 
resources has continued ever since and over the years some progress has 
been made in underwater technology in order to support it. 
However, up to twenty years ago, this progress had been slow and had 
been mainly in response to military needs, civil engineering works or 
salvage operations. But in the last two decades, with the intensified search 
for and discovery of offshore oil and gas deposits in response to the 
world's ever increasing energy demands, subsea technology hasdeveloped 
dramatically. 
More recently, the need to explore the seabed and exploit marine 
resources in deeper waters remote from land has led to the examination of 




The concept of one atmospheredry enclosures eliminates most of the 
problems associated with deepwater production and exploration and the 
extreme environmental conditions experienced at the air/sea interface in 
remote offshore sites. Hence it offers an attractive alternative to the 
conventional platforms operating from above the surface. 
Typical seabed complexes for deepwater production have already been 
proposed 2.3.4.5  These would consist of several underwater structures or 
'modules' each performing a different function such as accommodating the 
personnel, housing the production equipment and storing the product. 
2 
However, although detailed feasibility studies have been undertaken , it 
is unlikely that these complexes would be in operation before the end of 
the century but the use of underwater structures solely as storage vessels 
has more immediate applications. 
In the oil and gas industry, offshore storage has received much attention 
in the past few years 6. 7.8 Some storage vessels have already been built 
9.10 
and one has been particularly useful as a temporary storage facility in a 
10 field where production had commenced before the pipeline had been laid . 
Similar underwater storage tanks could be employed in remote sites 
where pipeline export may be uneconomical and the use of tankers for the 
export of oil or gas was essential. In these cases underwater storage 
vessels near the production sites for the temporary storage of their 
products would be very beneficial, especially during extreme environmental 
conditions when the tankers were unable to load up. 
Nearer land the storage of liquid gases, such as LNG and LPG, in surface 
and submerged floating tanks has been proposed 11,12 in an effort to 
overcome the hazards associated with the storage of such volatile liquids 
on land near centres of population and at the same time keeping them 
away from sight. 
Outside the oil industry, the use of underwater structures as storage 
vessels also has great attractions. In places like Gibraltar, for example, 
where there is a shortage of fresh water and a shortage of land in which to 
build storage reservoirs, the use of underwater vessels for the storage of 
fresh water in the surrounding sea as part of the water supply system could 
be advantageous. Especially if it were combined with some form of 
desalination plant 13 
Also in such places, similar underwater storage vessels could be 
employed as tanks to hold flow in excess of that which could be treated in 
a sewage or waste water treatment plant during a storm 13 When 
conditions abated and demand on the plant dropped, the stored liquid could 
be passed back for treatment. In the absence of such storm tanks, the only 
option is to pass the excess untreated liquid straight into the nearest open 
3 
water - adding to the pollution of the seas and oceans of the world. 
With regards to undersea living, the use of one atmosphere underwater 
enclosures as habitats has received much interest since the first Man in the 
Sea and Consheif projects 1.14  in 1962 and many experimental habitats have 
been built to date 14  These experimental enclosures have served mainly as 
research centres and laboratories and many have played a leading role in 
the study of the sea and its environment. 
More so in the future, as work is carried Out in progressively deeper 
waters, subsea habitats may be essential to accommodate the personnel 
involved in the task as surface controlled operations either by divers or 
manned submersibles may be impossible. 
Also it should be noted at this point that although the use of 
underwater habitats to relieve the housing problem in a world with an ever 
increasing population is still too much in the future, the idea of cities in the 
sea with underwater farms, refuges for divers working on the seabed and 
underwater museums has been considered 15,16 
1.3 	Structural forms for underwater structures 
Various different structural forms have been examined in connection 
with these underwater structures. These structural forms have ranged, in 
most cases, from spheres and cylinders to combinations of both but other 
geometric shapes such as toroids and ellipsoids have been considered 3.4,14 
All these structural forms are feasible but the choice of a geometric 
shape usually results from a compromise between structural efficiency, 
internal functional layout and cost. 
For great depths, the sphere is the most favoured shape because of its 
capability to resist the high hydrostatic pressure with the least membrane 
stresses. But the inefficient usage of space in spherical structures has led 
to the consideration of cylindrical structures with hemispherical ends or 
cylindrical type structures formed by the intersection of several spheres . 
4 
On the other hand a compromise in terms of space usage can be provided 
also by a prolate spheroid which also has the advantage of the efficient use 
of the material. 
With regards to costs, the toroidal structures are the most expensive to 
construct and the cylindrical structures are the least expensive 4 . However 
support and maintenance costs and personnel costs, in the case of manned 
stations, are very much higher than the construction costs and whereas in 
shallow waters cylindrical structures still offer the most economical 
solution, as the depth of water increases the overall costs of spherical and 
cylindrical structures become very similar . 
In shallower waters of depths less than 200m, the most efficient form in 
terms of stressing and enclosing a maximum volume for a minimum weight 
is a spheroidal type structure with the profile of a shell of revolution of 
constant or uniform strength 17,18 
1.4 	The drop shaped shell 
The shell of revolution of constant or uniform strength, see Fig. 1.1, is 
one in which under a given applied hydrostatic pressure the membrane 
forces at all points are equal. It has been shown that it has the same 
shape as a drop of liquid resting on a flat surface, where the applied 
pressure is the internal hydrostatic pressure and the surface tension forces 
containing the pressure are equal at all points 19.20,21,22 
This shape is very dependent on the applied hydrostatic pressure and 
the design stress of the shell. For a given design head (pressure head at 
the apex) and strength parameter (design stress x thickness) there is only 
one shape that would ensure uniform stressing provided the thickness is 
constant throughout. 
The actual profile of the shell can be derived from the solution of the 
differential equations of the drop—shaped shell 19, But t these 
equations, which are obtained from the membrane theory, are rather 
complex and do not lend themselves to any closed form or analytical 
5 
solution. 
Various methods of solution have been suggested by previous workers, 
some based on graphical methods 19,20  and others on numerical methods 
using the explicit Euler approach 21,22  and a survey and discussion of these 
methods of solution has been presented by Sofoluwe 18 From a practical 
point of view, the graphical methods were considered slow and inaccurate 
and the numerical methods unreliable 18 Consequently this led to the 
examination of several other numerical methods of solution and the explicit 
improved or modified Euler method was recommended for use in design 18 
Based on this method of solution, a shape prediction program was 
developed 17.18  which could generate a whole range of shapes 
corresponding to various design heads for a range of design stresses and 
thicknesses as an aid to designers. 
This shape prediction program was therefore employed in this work and 
it is interesting to note that for high hydrostatic pressures, such as those 
encountered in depths greater than 200m, the shape of the shell tends 
This 
towards that of a sphere.( emphasises the fact that for deepwater use, the 
sphere is the most structurally efficient shape. 
However, in shallower waters of depth less than 200m, the drop shaped 
shell offers an attractive alternative and in this work the suitability of shells 
of revolution of constant strength for use as underwater enclosures in 
shallow and intermediate depths is examined. 
In addition it is encouraging to note that nature has provided the 
common sea urchin with a test whose shape conforms with the shell of 
revolution of uniform strength 17 supporting the suitability of this structural 
form for underwater applications. These sea urchins belong to the phylum 
Echinodermata and hence the generic term for this type of structure - The 
Echinodome 17 
Above ground oil storage drop shaped tanks have already been designed 
and built by the Chicago Bridge and Iron Company 23 among others. The 
first one was constructed and tested by the company in 1928 and since 
then some development has taken place in Holland 24 and France 25 These 
structures were designed to withstand tensile stresses resulting from the 
internal pressure due to the contained liquid but an unintentional test 
subjected one of those tanks to an equivalent external pressure of 9 times 
its design head without disastrous effects 23 Thus indicating the suitability 
of the drop shaped shell under external pressure and hence supporting its 
use in underwater applications. 
However, prior to the use of the Echinodome as an underwater 
enclosure a detailed investigation, both experimental and theoretical, of its 
behaviour in the submarine environment is essential. There are many 
different types of load to which it could be subjected during its life, not 
only during its operational stage but during the construction, tow out, and 
installation stages as well and previous work has only examined the 
behaviour of the Echinodome under axisymmetric hydrostatic pressure 17,18 
The work reported in this thesis therefore aims to further the 
understanding of the behaviour of the Echinodome under some of the most 
important loadings to be expected and perhaps contribute towards the 
realisation of the underwater drop-shaped enclosure. 
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1.5 	Objectives of thesis 
In order to further the understanding of the behaviour of the 
Echinodome under various types of load, the objectives of this thesis are as 
follows. 
1. To examine the suitability of several finite elements and finite 
element programs for the following types of analysis on the 
Echinodome: 
Static stress analysis under both axisymmetric 
and symmetric loads; 
Buckling analysis; and 
Free vibration analysis. 
2. To recommend a particular finite element for use in design for 
each of the above types of analysis. 
3. To confirm the validity of the results of the finite element 
analysis experimentally. 
4. To examine whether the membrane theory or other classical 
approach could be used for the above types of analysis in the 
initial stages of design to give a quick and reliable solution. 
5. To propose a procedure for the design of an underwater oil 
storage drop-shaped tank. 
6. To assess the different types of load likely to be expected 
during various stages in the life of an oil storage drop-shaped 
tank in the North Sea and examine its behaviour under some of 
those loads using the recommended finite elements 
fl V' reeItrn 	 1., 
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2.1 	Introduction 
In the previous chapter, the need for underwater enclosures was 
highlighted and an optimum shape was proposed. However before this 
form of structure can become a reality a thorough investigation of the 
behaviour of such structures in the submarine environment needs to be 
undertaken in order to ensure its safety during its serviceable life. 
This chapter discusses the theoretical methods available for the analysis 
of thin shells and in particular the finite element method. Three finite 
element programs, each utilising different finite elements, are used to 
analyse the behaviour of the drop-shaped shell under axisymmetric 
hydrostatic loads. The different finite elements are compared and discussed 
and one is recommended for use in design. The results obtained from this 
numerical analysis are subsequently compared with those obtained from the -
membrane theory. 
The use of the recommended finite element for analysing the drop 
shaped shell under symmetric but non-axisym metric loads, such as current 
drag and wind loading, is then outlined. 
2.2 	Types and methods of shell analysis 
Analysis forms an important part of structural design and is necessary in 
order to ensure the integrity of a complete structure. It consists, basically, 
of the determination of stress and displacement distributions under 
environmental and other forms of load, both static and dynamic, to which 
the structure may be subjected, but it also embraces many other areas 
which affect the performance of shell structures. These areas include 
structural stability, natural frequencies and mode shapes, dynamic response, 
plasticity, creep, stress concentration and fatigue, to name but a few. 
The methods of structural analysis can be classified into two groups, 
analytical and numerical methods. 
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Analytical methods for the analysis of thin shell structures were 
developed over a century ago, with Lam ~e and Clapevron 27  establishing the 
membrane theory in 1826 and Aron 28 introducing the bending theory in 
1874. These so called classical continuum methods were advanced by 
Love  29  who, in 1888, developed the first general shell theory. These 
analytical methods produce differential equations which are subsequently 
solved by employing classical techniques and using arbitrary constants to 
satisfy the boundary conditions. However, available analytical solutions are 
limited in scope and cannot deal with complex structures nor with many 
other aspects of practical design such as cut-outs, irregular stiffening and 
arbitrary load conditions. Even for simple problems, the differential 
equations produced may sometimes have no closed form or analytical 
solution and approximate solutions need to be employed. 
As a result, numerical methods were developed for use in structural 
analysis and there are two types of such methods. The first type is based 
on a mathematical approximation of the differential equations formed from 
the equations of elasticity, and its solution by direct numerical integration 
or by using the finite difference method. Again, this type of numerical 
analysis involves the differential equations and is therefore restricted to 
simple problems because of the difficulties in obtaining differential 
equations for complex structures. 
The second type of numerical methods is the matrix method, in which a 
structure is idealised into an assemblage of discrete structural elements 
connected at the nodes and suitably orientated to approximate the overall 
geometric shape of the shell. Using this type of analysis, arbitrary shapes 
and load conditions can easily be accommodated. The complete structural 
problem is developed in matrix algebra and is well suited for solution by 
computer. 
Amongst the different matrix methods, one method has emerged from 
the aeronautical industry providing a powerful, reliable and efficient 
approach to the analysis of thin shell structures. This approach, namely, the 
finite element method is the one employed in this research. 
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2.3 	The finite element method 
The application of the finite element method to structural continua 
problems originated in the 1950s for use in the analysis of complex aircraft 
frames and bodies. In the 1960s the aerospace industry, with a need to 
accurately predict the behaviour of space vehicles, advanced this method 
considerably. Since then much progress has been made in response to the 
need for the detailed analysis of complex structural systems. Nowadays, 
the method has not only proved valuable in aeronautical and structural 
engineering but has been used successfully for the solution of problems in 
other fields of engineering including rock and soil mechanics, 
thermodynamics, fluid mechanics and biomechanics. 
Essentially, the finite element analysis of a continuum such as a thin 
shell consists of three steps: 
Structural idealisation; 
Evaluation of the stiffness of the elements; and 
Structural analysis of the assemblage of 
discrete elements. 
In the first step, the structure is divided into a finite number of discrete 
elements connected only at the nodes. The material properties of these 
elements were identical to those of the original structure whether linear 
elastic, non-linear elastic or elasto-plastic. The second step is the most 
critical phase and involves the evaluation of the stiffness of the individual 
elements. This is done in matrix form after assuming an interpolation 
function, which represents the displacement of any point within the 
element. 
The third step, the structural analysis, begins with the formation of the 
overall stiffness matrix. This is achieved by the superposition of the 
individual element stiffness matrices whilst satisfying the equilibrium and 
compatibility conditions and the force-deflection relationships at each node. 
The rest of the analysis is common with the displacement matrix method 
and involves the solution of the force-deflection relationship 30• 
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It should be noted that the force (flexibility) method 30 which is in effect 
the reverse of the displacement (stiffness) approach could also be used in a 
finite element analysis. However, for general purpose finite element 
programs, the stiffness method is preferred since it is easier to write, 
requires a minimum of input data and is entirely automatic 31, enabling a 
user with little knowledge of structural mechanics to analyse structures 
efficiently. 
For a more detailed explanation of the finite element method of analysis, 
the reader is referred to the numerous texts and articles published on the 
subject 30.32 
Various different types of finite elements have been developed for the 
analysis of shell structures, ranging from flat plate elements to curved ring 
elements. For the analysis of thin shell structures, such as the drop-shaped 
shell, the faceted plate elements have not proved to be very successful 26 
and will not be considered in this research. On the other hand ring 
elements have produced favourable results 17.18.26 and such a type of 
element will be employed in this chapter. A third type of element, the 
semi-loof element, which has received considerable attention in the past 
few years and is one of the most complex isoparametric elements available 
is also used. 
A number of general and special purpose finite element programs and 
packages have been developed for stress analysis. In this work two general 
purpose packages, i.e. PAFEC and LUSAS are employed together with 
a finite element program for the analysis of shells developed by Mistry 35. 
The displacement method is used in all three programs for the structural 
analysis step and a simplified flow diagram for the linear static stress 
analysis of a shell structure using any of these programs is given in 
appendix 1.1. 
The next three sections give a general outline of each of these 
programs and describe the elements used for the analysis of the drop-
shaped shell under hydrostatic pressure. 
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2.3.1 The Mistry program 
The Mistry program is a finite element computer' program, developed in 
Liverpool for the analysis of thin axisymmetric shell structures and is 
capable of performing: 
vibration analysis; 
linear buckling analysis; 
nonlinear elastic-plastic stress analysis 
using given load history; 
nonlinear buckling analysis; and 
linear stress analysis. 
The shell structure is first idealised into a number of axisymmetric 
segments which could be conical, cylindrical spherical, toroidal or general 
axisymmetric segments. A combination of any of these segments is also 
possible. Each segment is then divided into a number of finite elements. 
The type of finite element used is a ring element with ring nodes at the 
top and bottom and with either straight sides or curved with constant 
curvature. Each element has eight degrees of freedom, four at each node 
and they refer to the middle surface of the element. These degrees of 
freedom are meridional displacement (u), circumferential displacement (v), 
normal displacement (w) and rotation about the nodal ring (B ), see Fig. 2.1. 
The global X axis of the shell elements lies along the axis of symmetry 
of the shell and the Z axis is perpendicular to it and radially outwards. In 
this case, the V axis is redundant since it is an axisymmetric problem. The 
positional coordinates of the elements are the meridional length, s, and the 
circumferential coordinate, 8. 
The assumed interpolation functions for the element are linear functions 
of s for u and v and a cubic function of s for w. The element stiffness 
matrix is formulated using the principle of stationary total potential energy 
and the element mass matrix is derived from the kinetic energy equation for 
the shell element. 
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2.3.2 Program for Automatic Finite Element Calculations (PAFEC) 
PAFEC is a general purpose package developed in Nottingham 33.36.37 
and based entirely on the finite element method of analysis. The version of 
PAFEC employed in this work was PAFEC 75, which was designed to 
facilitate the input of data. This version exists at various 'levels' according 
to the range of facilities offered and in this chapter, level 3.4, which can 
perform the following types of analysis, was employed 
linear static stress analysis; 
nonlinear static stress analysis; 
dynamic and vibration analysis; and 
thermal analysis. 
There are about 75 different finite elements available in this level 33,36, 
ranging from simple beam elements to 20 noded orthotropic and 
isoparametric brick type elements, together with special elements for heat 
transfer problems. 
The two types of finite element used in this work were (i) the three 
noded thin shell of revolution element (42130) and (ii) the eight noded 
isoparametric element for axisvmmetric Fourier applications (36610). 
The thin shell of revolution element has three nodes as shown in Fig. 
2.2, and each node has four global degrees of freedom which are U, in the 
direction of the global X axis, U,, in the direction of the global V axis, U in 
the direction of the global Z axis and 4 which is the rotation about the 
global Z axis. The sides of the element can be either straight or curved 
with constant curvature. 
The global X axis lies along the axis of symmetry of the shell and the 
global V axis is perpendicular to it, see Fig. 2.2. 
The interpolation functions are functions of S. the meridional length and 
are polynomials of the second order for U, and U Y and a polynomial of the 
fifth order for U Z  . The stiffness matrix is formed using the same variational 
principle as in the Mistry program and the mass matrix is also formed from 
the equation for the kinetic energy of the shell element. 
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The second type of element used was the eight noded isoparametric 
element for axisymmetric Fourier applications, which has 24 degrees of 
freedom, three at each node. These degrees of freedom are: U, in the 
direction of the global X axis; U Y in the direction of the global V axis and U 
in the .direction of the global Z axis. The element is input as a two-
dimensional curvilinear quadrilateral in the global XV plane and the program 
rotates it through 3600 about the global X axis, see Fig. 2.3. 
The analysis of this type of element, i.e. isoparametric element, starts off 
with the transformation of the curvilinear elements into very simple shapes 
in the c- ri domain, where & and rl are the curvilinear coordinates. 
The interpolation functions are eight term cubic polynomials containing 
the two variables and ri and is of the second order. The stiffness and 
mass matrices are formed for the whole ring element using the same 
method as for the previous two elements but in the -r domain. 
2 . 3 . 3 London University Stress Analysis System (LUSAS) 
LUSAS was the second general purpose finite element package used for 
the analysis of the drop-shaped shell under hydrostatic pressure. The 
package was developed by Finite Element Analysis Ltd, (FEAL) and the 
version of LUSAS employed was 83/1A. This version can perform the 
following types of analysis: 
linear static stress analysis; 
nonlinear static stress analysis; and 
thermal analysis. 
The finite element library of version 83/1A consists of 62 elements 
including a series of semi-loof elements. The elements used in this work 
were the 4 noded axisymmetric solid element (QAX4) and a combination of 
the 6 noded triangular semi-loof element (TSL6) and the 8 noded 
quadrilateral semi-loof element (QSL8). 
The axisymmetric solid element used is one of a family of isoparametrjc 
elements. It has eight global degrees of freedom, two at each node, and 
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these are U in the direction of the global X axis and V in the direction of 
the global Y axis. In this case, the global V axis lies along the axis of 
symmetry of the shell and the X axis is perpendicular to it, see Fig. 2.4. 
The formation of the element stiffness matrix and the element mass 
matrix is done in a similar way to the isoparametric element in PAFEC in 
the -n domain except that only a one radian section of the ring element is 
considered. 
The second type of element used from LUSAS was the semi-loof 
element, both triangular and quadrilateral. These elements are doubly 
curved and their thicknesses can vary within them. The triangular element 
has 24 degrees of freedom, 3 at each corner node and 5 at the midside 
nodes, whilst the quadrilateral element has 32 degrees of freedom, 3 at 
each corner node and 5 at each midside node, see Fig. 2.5. These degrees 
of freedom are U in the direction of the global X axis, V in the direction of 
the global V axis and W in the direction of the global Z axis. The rotational 
degrees of freedom, e 1 and e 2 refer to the loot rotations about the edge of 
the element at the loof points. The loot points are located at 1/1 3 of the 
distance from a midside node to a corner node. 
As with the previous isoparametric elements, the curvilinear elements 
are transformed into simple shapes in the -n domain and the element 
stiffness and mass matrices are obtained for these simple elemental shapes. 
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2.4 	Analysis of the drop shaped shell under hydrostatic pressure 
The behaviour of the drop shaped shell under hydrostatic pressure has 
been investigated, both experimentally and numerically, in previous work 
17,18,26 
However, the numerical work was limited to the use of the 
particular type of ring element employed in the Mistrv program. It was 
therefore necessary to analyse the shell using other types of finite elements 
before being able to recommend a particular type of element for use in 
design. 
With this view in mind, a test shell was analysed using the elements 
described above under two different hydrostatic heads, one of which was 
the design head. 
2.4.1 	The test shell 
The shell analysed was of the same geometrical and material 
characteristics as a fibreglass prototype which was employed in previous 
work 17,18,26  and which will be used in the experimental sections of this 
thesis. The prototype was constructed in two halves with randomly layered 
chopped strand mat fabric with a glass fraction of 0.26. Both halves were 
bonded together using a general purpose araldite adhesive and then 
mounted symmetrically over a rectangular tufnol base, see Fig. 2.6. 
It was designed for a head of water of 1.525m and a design stress of 
0.46MN/m 2. The average thickness of the shell was 3.8mm with a standard 
deviation of 0.506mm (a table showing the variation in thickness over the 
shell is given in appendix 3). The meridional profile of the shell was 
determined from the numerical integration of the differential equations for 
the shell. It had a maximum diameter of 450mm and a height of 380mm. 
The material properties of the shell were determined from material control 
tests and were as follows: 
Modulus of elasticity (E) 	 = 0.88 X 104  MN/M 2  
Poisson's ratio 	(u) 	 = 0.36 
Mass density (p) 	 = 1100 kg/m 3  
Ultimate tensile strength 	 = 54.2 MN/m 2  
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2 . 4 . 2 	Idealisation of the shell 
The numerical integration of the differential equations of the shell was 
carried out using a shape prediction program 17.18 This program generated 
a set of coordinates for the centreline of the shell wall which were 
subsequently employed in the idealisation of the shell. 
The three noded thin shell of revolution element (42130) in PAFEC and 
the ring element in the MistrV program only required the coordinates of the 
centreline of the shell wall and so the coordinates from the shape 
prediction program could be used directly. However, for the isoparametric 
elements in PAFEC (36610) and LUSAS (QAX4) the coordinates of the inner 
and outer surfaces of the shell wall were both required. These coordinates 
were obtained from a subroutine, PAFCOORD, which was added to the 
shape prediction program. A flow chart of the modified shape prediction 
program is given in appendix 1.2. It should be noted that this modified 
program produces a complete data file for input into PAFEC. 
For the ring elements mentioned above, the shell was divided into a 
mesh of 65 elements in each case. The same number and size of elements 
were used so that a comparison of the results obtained when using the 
different elements could be made. 
The idealisation of the shell using the semi-loof elements was 
somewhat different. Only one quarter of the shell was modelled and the 
appropriate boundary conditions were applied at the edges. In this case, 45 
elements were employed, 15 down the meridian and the coordinates of the 
centreline of the shell wall were utilised. However, some approximations 
were required to determine the coordinates of the element's midside nodes. 
In this investigation, the shell was fixed at the base and free at the apex 
and the external hydrostatic pressure was applied at the nodes, acting 
normal to the surface of the shell. The analysis was carried out for a 
pressure head at the apex of 1.525m (the design head) and 25m. 
Typical data files for each of the elements are given in appendices 2.1 
to 2.5. 
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2.4.3 Numerical results 
The results obtained from this numerical analysis are given in tables 2.1 
to 2.4. These tables show the meridional variations in the meridional and 
circumferential stresses on the inner and outer surfaces of the shell. From 
these results, it is possible to make a comparison of the different finite 
elements employed to idealise the shell. 
11 
A more detailed analysis giving the stress resultants and displacements 
for each element was performed previously 26 
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Meridional stress on outer surface 
(MN/rn 2 ) 
Meridional 	Mistry 	PAFEC 	LUSAS 
distance 36610 42130 QAX4 QSL8 
0.11- -0.55 -0.57 -0.56 -0.54 -0.57 
0.21L -0.45 -0.47 -0.46 -0.43 -0.45 
0.31 -0.45 -0.47 -0.47 -0.42 -0.46 
0.41- -0.43 -0.46 -0.45 -0.42 -0.44 
0.51 -0.43 -0.45 -0.44 -0.40 -0.44 
0.61L -0.46 -0.48 -0.48 -0.45 -0.46 
0.71L -0.47 -0.49 -0.49 -0.44 -0.50 
0.81- -0.48 -0.49 -0.51 -0.50 -0.43 
0.91- -0.59 -0.61 -0.59 -0.60 -0.58 
1.01L -0.32 -0.34 -0.64 -0.39 -0.56 
Table 2.1(a) 
Meridional stress on inner surface 
(MN/rn 2 ) 
Meridional 	Mistry 	PAFEC 	LUSAS 
distance 36610 42130 QAX4 QSL8 
0.11- -0.53 -0.54 -0.52 -0.54 -0.52 
0.21L -0.47 -0.49 -0.46 -0.49 -0.48 
0.31- -0.44 -0.47 -0.43 -0.48 -0.45 
0.41- -0.44 -0.45 -0.43 -0.46 -0.45 
0.5L -0.44 -0.45 -0.44 -0.47 -0.45 
0.61- -0.46 -0.46 -0.45 -0.48 -0.48 
0.71- -0.47 -0.48 -0.46 -0.49 -0.47 
0.81- -0.49 -0.49 -0.47 -0.48 -0.41 
0.91- -0.42 -0.43 -0.47 -0.43 -0.58 
1.01- -0.85 -0.90 -0.62 -1.14 -0.64 
Table 2.1(b) 
Meridional stresses at the design head 
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Circumferential stress on outer surface 
(MN/rn 2) 
Meridional 	Mistry 	PAFEC 	LUSAS 
distance 36610 42130 QAX4 QSL8 
0.11- -0.54 -0.55 -0.54 -0.53 -0.59 
0.21- -0.46 -0.46 -0.47 -0.46 -0.45 
0.31- -0.45 -0.46 -0.46 -0.43 -0.45 
0.41- -0.44 -0.44 -0.44 -0.43 -0.44 
0.51- -0.43 -0.44 -0.44 -0.42 -0.45 
0.61- -0.46 -0.46 -0.46 -0.44 -0.46 
0.71- -0.47 -0.47 -0.47 -0.46 -0.48 
0.81- -0.49 -0.50 -0.48 -0.49 -0.52 
0.91- -0.50 -0.52 -0.45 -0.46 -0.39 
1.01- -0.13 -0.06 -0.26 -0.31 -0.29 
Table 2.2(a) 
Circumferential stress on inner surface 
(MN/rn 2 ) 
Meridional 	Mistry 	PAFEC 	LUSAS 
distance 36610 42130 OAX4 QSL8 
0.1L -0.53 -0.54 -0.53 -0.54 -0.57 
0.21- -0.46 -0.48 -0.47 -0.48 -0.48 
0.31- -0.45 -0.47 -0.45 -0.46 -0.46 
0.41- -0.44 -0.45 -0.44 -0.45 -0.45 
0.51- -0.44 -0.45 -0.44 -0.45 -0.45 
0.61- -0.45 -0.47 -0.46 -0.47 -0.47 
0.71- -0.47 -0.48 -0.46 -0.49 -0.46 
0.81 -0.49 -0.51 -0.47 -0.49 -0.49 
0.91- -0.46 -0.48 -0.43 -0.42 -0.39 
1.01- -0.34 -0.36 -0.25 -0.30 -0.32 
Table 2.2(b) 
Circumferential stress at the design head 
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Meridional stress on outer surface 
(MN/rn 2) 
Meridional 	Mistry 	PAFEC 	LUSAS 
distance 36610 42130 QAX4 QSL8 
0.1L -8.95 -9.22 -9.13 -8.81 -9.10 
0.21L -7.26 -7.64 -7.43 -7.12 -7.31 
0.31L -7.25 -7.52 -7.51 -6.74 -7.26 
0.4L -6.93 -7.23 -7.10 -6.66 -6.94 
0.51L -6.78 -7.11 -6.91 -6.39 -6.76 
0.61L -7.26 -7.46 -7.42 -6.20 -7.16 
0.71L -7.44 -7.71 -7.64 -7.52 -6.22 
0.81L -8.93 -9.16 -9.31 -7.47 -13.82 
0.9L -3.79 -3.31 -4.25 -2.64 -34.55 
1.01L -54.13 -63.71 -54.57 -51.87 -19.73 
Table 2.3(a) 
Meridional stress on inner surface 
(MN/rn 2 ) 
Meridional 	Mistrv 	PAFEC 	LUSAS 
distance 36610 42130 OAX4 QSL8 
0.1L -8.58 -8.79 -8.41 -8.78 -8.42 
0.21L -7.62 -7.80 -7.46 -7.77 -7.63 
0.31L -7.03 -7.49 -6.78 -7.68 -7.03 
0.4L -6.97 -7.16 -6.80 -7.27 -6.96 
0.51L -6.88 -7.08 -6.75 -7.29 -6.90 
0.61 -7.17 -7.43 -7.02 -7.45 -7.29 
0.71- -7.45 -7.68 -7.26 -7.38 -7.20 
0.81L -7.26 -7.16 -6.89 -8.77 -5.92 
0.91 -18.11 -17.43 -17.74 -19.46 -31.27 
1.OL 22.96 39.95 23.30 24.01 -8.78 
Table 2.3(b) 
Meridional stresses at a hydrostatic head = 25 metres 
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Circumferential stress on outer surface 
(MN/rn 2) 
Meridional 	Mistry 	PAFEC 	LUSAS 
distance 36610 42130 QAX4QSL8 
0.11- -8.81 -8.87 -8.83 -8.65 -9.44 
0.21- -7.33 -7.48 .-7.36 -7:34 -7.11 
0.31- -6.95 -7.03 -7.01 -6.62 -6.87 
0.41- -6.45 -6.51 -6.48 -6.28 -6.34 
0.51- -6.03 -6.10 -6.04 -5.83 -6.01 
0.61- -5.92 -5.95 -5.95 -5.72 -5.84 
0.71- -5.42 -5.50 -5.47 -5.32 -4.70 
0.81- -4.63 -4.79 -4.75 -3.40 -2.87 
0.91- 3.98 3.95 3.85 3.26 4.11 
1.01- -21.81 -24.75 -22.02 -19.60 -6.09 
Table 2.4(a) 
Circumferential stress on inner surface 
(MN/rn 2 ) 
Meridional 	Mistry 	PAFEC 	LUSAS 
distance 36610 42130 OAX4 QSL8 
0.11- -8.59 -8.81 -8.57 -8.68 -9.07 
0.21- -7.38 -7.59 -7.36 -7.64 -7.42 
0.31- -6.84 -7.15 -6.79 -7.09 -6.91 
0.41- -6.44 -6.65 -6.42 -6.66 -6.48 
0.51- -6.06 -6.24 -6.05 -6.30 -6.08 
0.61- -5.89 -6.03 -5.86 -6.09 -5.96 
0.71- -5.44 -5.61 -5.39 -5.38 -5.19 
0.81- -4.14 -4.11 -4.00 -3.88 -1.00 
0.91-. -0.85 -0.84 -0.61 -2.31 -2.76 
1.01- 9.60 15.30 9.75 9.01 8.35 
Table 2.4(b) 
Circumferential stresses at a hydrostatic head = 25 metres 
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2.4.4 Discussion of results 
The results of this numerical investigation show that there is good 
agreement in the meridional variation in stresses along 4/5th of the shell, 
both at the design head and at 25m. However, there are some 
discrepancies along the bottom 1/5th of the shell. 
In this 'critical' zone, the four types of ring' element show a similar trend 
but it varies with that produced when using the semi-loof elements. This 
inconsistency can be attributed to the fact that the four types of ring 
elements have straight sides whilst the semi-loof elements have curved 
sides and are doubly curved. 
The effect of using elements with straight sides is not as apparent over 
the top 4/5th of the shell because the radius of curvature of the shell's 
profile around that region is large and the change in curvature is small. As 
a result the elements are nearly coplanar. In the 'critical' zone, this is not 
the case. The radius of curvature of the shell's meridional profile is smaller 
and the change in curvature is large, resulting in big discontinuities of slope 
between adjacent elements. This would produce bending moments which 
would not be present in the actual shell. 
It is interesting to note that along the whole profile of the shell, the 
scatter band is greater for the meridional stresses than for the 
circumferential stresses. This is to be expected since the discontinuities 
exist only in the meridional plane. 
Nevertheless, the outcome of this investigation is encouraging. At the 
design head, the stresses are all close to the design stress (0.46MN/m 2 ). 
The difference in the values of the stresses were due to the variation in 
thickness down the meridian and is to be expected. 
Any of these five finite elements could be utilised successfully for the 
linear static stress analysis of the drop-shaped shell. However, in the 
design of such shells many factors would have to be considered before 
choosing a particular finite element and program to employ in the structural 
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analysis. 	A comparison of these five finite elements and their 
corresponding programs , leading to the recommendation of a particular 
element and program to be used in design is given in the next section. 
2 . 4 .5 Comparison of the different finite elements 
The above investigations were carried out at the Edinburgh Regional 
Computing Centre (E.R.C.C.). An engineer in a design office may only have 
limited access to such a centre and the use of such centres for commercial 
purposes could be very expensive. 
It is therefore necessary to choose a finite element which would be cost 
effective in terms of computer run time and storage and at the same time 
be reliable and accurate. A finite element program which could be 
implemented also on a minicomputer or even a microcomputer would be 
advantageous. 
In order to make such a choice, the following factors need to be 
considered: 
(I) the storage space required; 
the preparation of input data; 
the accuracy of the solution; 
the interpretation of the results; 
the time used for analysis; and 
other capabilities available. 
Of the five elements used, the ring element in the Mistry program was 
the most cost-effective in terms of computer run time and storage. A cpu 
time of 6.4s for the linear static stress analysis of the Echinodome 
compares very favourably with the Cpu times required for the other 
elements. 
As for the storage space, required, 30 Kbytes would be sufficient for 
both the input and output files for the ring element in the Mistry program 
whereas, at least 67 Kbytes would be necessary for the OAX4 element in 
LUSAS. The other elements requiring over 100 Kbytes. 
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A detailed summary of the CPU times and file 	sizes 	required 	for. the 
linear static stress analysis of the Echinodome is given in table 2.5. 
Element Input Output CPU - 
file file time 
(Kbytes) (Kbytes) (s) 
Mistry 2.1 24.0 6.4 
PAFEC 3.5 224.7 102.3 
36610 
PAFEC 3.0 93.6 42.2 
42130 
LUSAS 5.1 61.4 74.9 
OAX4 
LUSAS 4.2 207.0 139.9 
TSL6& - 
QSL8 
Table 2.5 Computer run time and file sizes for the different 
finite elements used 
* based on the linear static stress analysis of the Echinodome 
at the design head (no graphics) 
The preparation of the input data, however, is simpler for the general 
purpose packages. Both LUSAS and PAFEC require the data file in a free 
format field and in a modular form making it quick to prepare and easy to 
understand. In this case element 42130 in PAFEC necessitated the smallest 
and easiest input file to prepare. The datafile for the Mistry program was 
slightly smaller but it was required in a specified format and was therefore 
not as straightfoward to prepare. However, it is important to note that the 
format statements in the Mistry program could be changed so that the 
input data could be presented in a free format field as in the general 
purpose packages if required. The data file for the semi-loof elements, on 
the other hand, was the hardest to prepare since the coordinates of the 
nodes could not be obtained directly from the shape prediction program 
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and some approximations were required to determine them. 
The interpretation of the output results is straightfoward in all five 
cases. Enough information is provided to enable the engineer to make a 
quick and accurate assessment of the stresses and displacements in the 
structure. The stresses for elements 36610 in PAFEC and QAX4 in LUSAS 
are given in the global axes direction at the nodes and the stresses for the 
sémi-loof elements are given in the direction of the local element axes at 
the Gauss points - the points within the element where the element 
stiffness is evaluated. Although easy to understand it is more useful to the 
engineer designing shell structures to obtain the circumferential and 
meridional stresses straight away from the computer output. This is done 
by the thin shell of revolution elements in PAFEC (42130) and Mistry, which 
give the circumferential, meridional and inplane shear stresses on the outer 
and inner surfaces of the shell. In addition to this, the latter element gives 
a listing of the stress resultants, equivalent stresses and moments for each 
element. 
Once again the Mistry program provides the smallest output file and the 
most useful information. It should be noted that the two general purpose 
packages provide information regarding the stiffness matrices, degrees of 
freedom and restraints which are not of much use to the designer except 
as a check. 
With regards to the accuracy of the solution, the semi-loof element 
would produce the most accurate one as it is doubly curved and is the 
most complex element used. However errors could arise in the application 
of the boundary conditions since only a small section of the shell can be 
modelled at any one time for reasons of economy. The two elements in 
PAFEC and the ring element in the Mistry program produced similar results 
as can be seen in tables 2.1 to 2.4 but the isoparametric element-in PAFEC 
(36610) with 24 degrees of freedom and the most complex interpolation 
function of the three would be expected to produce the most accurate 
solution. Yet it should be noted that this element has no rotational degrees 
of freedom whereas the other two have and hence the results obtained in 
the critical region of the shell, where bending is significant would not be as 
accurate as those produced by the ring element in the Mistry program and 
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element 42130 in PAFEC. 
Element QAX4 in 	LUSAS, on the 	other hand, 	has 	only 	2 	degrees of 
freedom at each node and hence would be the less accurate element to 
use. 	This is 	clearly 	indicated 	in the results obtained from the numerical 
analysis. 
The interpolation functions and number of degrees of freedom for each 
element are compared in appendix 4. This appendix also shows what other 
types of analysis the element is capable of performing. 
In all, the Mistry finite element program seems to provide the most 
efficient solution for the linear static stress analysis of the drop-shaped 
shell. It is small enough to be implemented on most microcomputers and 
is the only program available at the E.R.C.C. capable of performing linear 
and non-linear buckling analyses. With a cpu time very much smaller than 
that required for a run using the semi-loof elements, the greater accuracy 
achieved by using that curved element is by far outweighed. 
As a result, in the design section of this research the Mistry program 
was employed for the linear static stress analysis of the shell under 
axisymmetric hydrostatic loads. 
However, the one main limitation with Mistry's program is that only 
axisymmetric loads can be applied to the shell. For non-axisymmetric loads 
element 42130 in PAFEC, which seems to be the next best element when 
considering the factors listed above, is recommended. This element is 
almost identical to the element in the Mistry program, see appendix 4. 
Therefore the idealisation of the structure using these two elements would 
be very similar and some uniformity in modelling the behaviour of the shell 
would be present in the different analyses. Section 2.5 discusses the use of 
this element for the analysis of non-axisymmetric loads such as current 
drag, wind loading and point loading. Nonetheless it should be noted that 
modifications could easily be made to the Mistry program to deal with 
these non-axisymmetric loads 26 
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At this stage it is important to note that if the structure has openings or 
intersections which render the shell non-axisym metric then none of the ring 
elements can be utilised to model the shell and doubly curved shell 
elements such as the semi-loof elements in LUSAS need to be employed. 
2.46 Comparison of the finite element method with the membrane theory 
The previous sections have shown that the finite element method could 
be used for the analysis of the drop-shaped shell. However, this method of 
analysis is expensive in terms of computer storage and run time and there 
is thus a need for a simpler and quicker method which could be used in the 
initial stages of design. 
The membrane theory could provide a feasible alternative and an 
algorithm for dealing with the differential equations produced by this theory 
has already been applied to the drop-shaped shell 38,39• 
This approach was followed in this section to analyse the test shell, 
described in section 2.4.1, under a hydrostatic head of 1.525m and 25m. 
The results obtained from this investigation have been tabulated alongside 
the results obtained from the Mistry program in tables 2.6(a) and 2.6(b) on 
page 32. 
These tables show that there is some agreement in the stress resultants 
over 4/5th of the shell, but a region exists near the base of the shell where 
there are some discrepancies. These discrepancies are expected because in 
this 'critical' zone the effects of bending and shear are at a maximum and 
whilst the finite element analysis takes these effects into account, the 
membrane theory ignores all bending and shear effects completely. 
Nevertheless, a cpu time of 0.33s for a linear static stress analysis of 
the drop- shaped shell makes it a very attractive proposition for the 
designer. In the initial stages, at least, the membrane theory could give an 
accurate indication of the magnitude of the stresses that might be expected 
over most of the shell. 
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Stress resultants 
(MN/rn 2 ) 
N 
Meridional Mistry Membrane Mistry Membrane 
distance prog. analysis prog. analysis 
0.1L -1.75 -1.97 -1.75 -1.53 
0.21- -1.75 -1.87 -1.76 -1.63 
0.31- -1.75 -1.84 -1.77 -1.66 
0.41- -1.75 -1.82 -1.75 -1.67 
0.51- -1.75 -1.81 -1.75 -1.68 
0.61- -1.75 -1.81 -1.74 -1.68 
0.71- -1.75 -1.82 -1.74 -1.66 
0.81- -1.75 -1.86 -1.77 -1.59 
0.91- -1.74 -2.07 -1.66 -1.01 
1.01- -2.02 1.67 -0.81 34.67 
Table 2.6(a) Stress resultants at the design 
head 
Stress resultants 












0.1L -28.7 -32.2 -28.5 -24.9 
0.21- -28.4 -30.3 -28.1 -25.9 
0.31- -28.1 -29.4 -27.2 -25.4 
0.41- -27.9 -28.9 -25.8 -24.5 
0.51- -27.6 -28.5 -24.4 -23.2 
0.61- -27.5 -28.4 -22.5 -21.4 
0.71- -27.8 -28.9 -20.3 -18.7 
0.81- -29.3 -31.2 -15.9 -12.8 
0.91- -37.7 -42.7 5.4 21.1 
1.01- -53.6 153.1 -21.0 1858.7 
Table 2.6(b) Stress resultants at a 
hydrostatic head = 25 metres 
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2.5 	Analysis of the drop shaped shell under non-axisymmetric loads 
So far in this chapter, only axisymmetric loads have been applied to the 
drop shaped shell and the application of such loads on axisymmetric shell 
elements has been quite simple. However, an underwater structure could 
be subjected to a wide range of non-axisym metric loads such as current 
loading, wave loading and point loading. The simulation of these types of 
loads acting on shell of revolution elements such as element 42130 in 
PAFEC, is not as simple and requires special attention. 
2 . 5 . 1 	Fourier series for the representation of non-axisymmetric loads 
In order to apply non-axisymmetric loads on axisymmetric shell 
elements, it is first necessary to represent the loading as a series of Fourier 
components of the form: 
F(s) = Am cos mO 
	
(2.1) 
where F(8) is the load as a function of e, e is the circumferential 
coordinate, Am  is the amplitude of the load and m is the harmonic number. 
Each term of the resulting Fourier series is then applied to the structure 
separately with the appropriate harmonic number and boundary conditions. 
Unfortunately, most of the loadings in the marine environment would 
require an infinite series and hence an infinite number of runs would be 
necessary in order to simulate the load correctly. In this work the Fourier 
series used to represent the loads were truncated after six terms. 
Examination of the 7th, 8th and 9th terms showed that the resulting 
stresses and displacements were decreasing rapidly and were negligible 
compared to the first few components. 
Examples of the representation of loads as a Fourier series can be seen 
in appendices 5.1 to 5.3. 
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It should be noted that three dimensional semi-loof elements could be 
used for these load cases and avoid the Fourier approximations for the 
loads. However, in order to apply a non-axisym metric load on the 
prototype, the whole shell might need to be modelled using the semi-loof 
elements and in terms of computer Cpu times, six runs using the 
recommended finite element (i.e. element 42130) would still take less time 
than a single run with the semi-loof elements. 
2.5.2 	Interpretation of results 
The output from element 42130 in PAFEC contains the nodal 
displacements and stresses for each harmonic number. 
The total displacement of the structure can be found by superimposing 
the displacements obtained from each run as follows: 
u(x,y,e) = Uo(x,y) + 	u(x,v,e) cos m8 	 (2.2) 
with similar terms for U and U 
U, (x,y,e) is the total displacement in the global X direction at the point 
x,y,e; U 0 is the displacement in the global X direction for harmonic number 
= 0; and Uxm is the displacement in the global X direction for harmonic 
number = m. 
From these equations, it is possible to determine the total displacement 
at any point on the shell surface. 
The stresses 	at 	any 	point 	on 	the 	shell can 	be 	obtained 	in a 	similar 
manner by the superposition of the stresses obtained from each particular 
run. 
This procedure for analysing the shell under non -axisymmetric loads 
using element 42130 in PAFEC was computerised by the development of a 
masterfile, PAFMAS. A flow diagram of which is shown in appendix 1.3. 
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An experimental investigation to verify the results obtained from such a 
procedure is described in the next chapter 
2.6 	Summary and Conclusions 
This chapter was concerned with the structural analysis of the 
Echinodome. A brief introduction to the different types and' methods of 
structural analysis was presented and an outline of the method used in this 
work, namely the finite element method, was given. 
A number of different finite elements were subsequently employed to 
model the behaviour of the drop— shaped shell under axisymmetric 
hydrostatic loads and some agreement was evident in the results. 
On comparing the relative merits of each type of element, the Mistry 
program was recommended for use in the structural analysis section of 
design. 
Then the membrane theory was compared with the finite element 
analysis and the results showed that it provided an efficient and reliable 
method which could be used in the initial stages of design, as long as the 
designer was aware of the limitations of the theory. 
Finally, since the Mistry program cannot be used when the loading is 
non-axisymmetric a second element, element 42130 in PAFEC, was chosen 
for this purpose and a method for dealing with such types of loads was 
proposed. 
It should be noted that this chapter considered only the linear static 
stress analysis of the shell. Two other types of analysis, namely buckling 
and vibration analysis, are dealt with in detail in chapters 4 and 5 
respectively and a finite element is recommended for use in design in each 
case. 
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Fig. 2.4 Element QAX4 in LUSAS 
Fig. 2.5 Semi-loof elements in LUSAS 
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CHAPTER THREE 
EXAMINATION OF THE RESPONSE OF 
THE DROP-SHAPED SHELL 
TO CONCENTRATED LOADS 
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3.1 	Introduction 
A structure in the submarine environment would be subjected to many 
different types of loading other than axisymmetric hydrostatic pressure. 
Some of these loads could be non-axisymmetric, such as current drag, 
wave loading and concentrated loads due to nozzle connections or due to 
impact. It is important that the structure could withstand those 
non-axisymmetric loads safely and therefore -a reliable method for 
predicting the behaviour of the Echinodome under such loads is required. 
To this end, the response of the drop-shaped shell under concentrated 
loads is examined, both numerically and experimentally, in this chapter. 
A linear static stress analysis of the Echinodome under both 
axisymmetric and non-axisymmetric point loading is first carried out using 
the finite element method. Then the resulting stress distribution induced by 
axisymmetric point loading is compared with an approximate solution 
obtained from the membrane theory. 
Finally, an experimental investigation of the behaviour of the drop-
shaped shell under concentrated loads is carried out in order to verify the 
results obtained from the numerical analysis and give support to the use of 
the finite element method in design. 
3.2 	Theoretical investigation 
The previous chapter indicated that the finite element method of 
analysis is one of the most reliable and efficient methods available to 
analyse the behaviour of thin shell structures under general loading. For 
non-axisymmetric loads, in particular, the thin shell of revolution element' in 
PAFEC, namely element 42130, was recommended and a technique for 
carrying out such an analysis was outlined. 
In this theoretical investigation, that procedure was followed to examine 
the response of a prototype to both axisymmetric and non-axisymmetric 
point loading. 
41 
3.2.1 	Finite element analysis 
The test shell analysed in chapter two was discretised using element 
42130 in PAFEC and the input file was prepared as detailed in section 2.4.2. 
Two loading conditions were examined, see Figs 3.1(a) & 3.1(b) ,and for 
each case the load was simulated in a different manner. 
3.2.1.1 Point load at the apex 
This was the simpler loading condition of the two , as it was an 
axisymmetric problem. The load was applied directly at the apex (node 1) 
and acting downwards along the axis of symmetry of the shell, as shown in 
Fig. 3.1(a). 
The linear static stress analysis followed the same form as that for 
hydrostatic pressure (section 2.4) and was carried out for loads from 50N to 
300N in step of 50N, in order not to overstress the shell. 
3.2.1.2 Point load at the maximum diameter 
In this case, the load was applied normal to the surface of the shell at 
its maximum diameter as shown in Fig. 3.1(b) and it was therefore a 
non-axisymmetric problem. Consequently, the point load was represented 
as a series of Fourier components of the form specified in section 2.5.1. 
The resulting Fourier series is shown in equation 3.1 below and for the 
interested reader, the numerical calculations involved in obtaining this 
equation are given in appendix 5.1. 
P(8) = 1/2 + 	cos me 	 (3.1) 
M 1,2.3 
Where e is the circumferential coordinate measured anticlockwise from the 
point of application of the load. 
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Following the recommendations made in the previous chapter, this 
infinite series required to simulate the point load was truncated after 6 
terms and the following equation was employed in the finite element 
analysis: 
P(8) = 1'7 (1/2 + cos 8 + cos 28 + cos 3 
+ cos 48 + cos 5) 	 (3.2) 
The effects of truncating the series shown in equation 3.1 has been 
studied bV previous workers and Fig. A5.2 in appendix 5.1 shows the 
effect of stopping the series after 9 and 20 terms. 
Again a linear static stress analysis was carried out for loads of 50N to 
300N in increments of 50N and followed the procedUre outlined in section 
2.5 which was computerised by the masterfile PAFMAS (see appendix 1.3). 
3.2.1.3 Numerical results 
The results obtained from the stress analysis of the test shell under 
axisymmetric point loading are shown in Figs 3.2(a) & 3.2(b) whilst the 
results obtained under non-axisymmetric point loading are shown in Figs 
3.3 to 3.9 at different values of 8, the circumferential coordinate. These 
results are for a point load of 300N in each case. For all the other loads 
the resulting stresses varied in a linear fashion, i.e. for a load of 150N , the 
stresses obtained were half those obtained under a load of 300N. 
The corresponding deflected shape of the test shell under these two 
loading conditions are shown in Figs. 3.10 & 3.11, again under a point load 
of 300N. 
The finite element analysis took a Cpu time of 57.5s for the 
axisymmetric load case and a total of 344.8s for the six runs required for 
the non-axisymmetric load case. 
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The input file in each case was similar to that shown in appendix 2.2 
and was 3.0 kbyte in length whilst the output file was 93.6 kbyte for each 
PAFEC run. 
3.2.1.4 Discussion of numerical results 
The results for the axisymmetric point loading confirm the fact that the 
optimum location for penetrating the shell is at its apex. Figs 3.2(a) & 3.2(b) 
show that the effects of the axisymmetric point load were very localised, i.e. 
within 10% of the total meridional length (L) from the apex, with a peak 
tensile circumferential stress at a distance of about 0.09L and a peak tensile 
meridional stress at a distance of about 0.07L from the apex. 
Over the rest of the prototype, except very near the base, the 
circumferential and meridional stresses were very low and remained 
constant throughout; the tensile circumferential stresses being 
approximately equal in magnitude to the compressive meridional stresses. 
Also in that area, the outer surface stresses were of the same sign and 
magnitude as the corresponding inner surface stresses indicating a 
membrane type behaviour and further suggesting that a membrane analysis 
could be suitable for examining the behaviour of the shell under this 
particular load case, see section 3.2.2. 
• A second peak in the surface stresses is evident in the 'critical zone' 
near the base of the prototype but the stresses were lower than those near 
the apex. 
The deformed shape of the prototype under this loading, see Fig. 3.10, 
also shows these localised effects in a region near the point of application 
of the load. The development of a dimple at the apex conforms with the 
meridional variation of surface stresses near the apex and verifies the 
localised bending indicated by the inner and outer surface stresses. 
Very little deformation is apparent around the shell's maximum diameter, 
although a second peak in the normal deflection is evident in the 'critical 
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zone' near its base. The deflections involved were very much smaller than 
those near the apex as is obvious from Fig. 3.10 but nevertheless it is 
indicative of the localised bending indicated by the outer and inner surface 
stresses along the bottom tenth. of the prototype. 
The application of a point load at the shell's maximum diameter, on the 
other hand, had a much greater effect on the structure. There were three 
zones covering almost a third of its surface area in which the surface 
stresses were high and bending was significant. 
The first of these zones covered the area near the apex, and extended 
down to about 0.05L from it, in which the circumferential stresses were in 
general three times bigger than the meridional ones. In this zone the outer 
and inner surface stresses were of approximately the same magnitude but 
of different signs. Considering only the meridional variation in these 
stresses, the outer surface stresses started off as compressive and then 
rapidly changed sign to give peak tensile stresses at a distance of 0.03L 
from the apex whereas the inner surface stresses started off as tensile and 
then changed to compressive to peak at 0.03L. 
However this was only true on the section of the shell facing the load 
i.e. 	 _900 < e < +90 0 
where e is the circumferential coordinate, see Figs 3.3 to 3.5. At e = ± 900 
the surface stresses were quite low in comparison and no • peak was 
obvious, see Fig. 3.6. Thereafter on the other side of the prototype the 
reverse occurred, i.e. the outer surface stresses started off tensile and then 
changed to compressive to peak at 0.03L and vice versa, see Figs 3.7 to 3.9. 
This was an indication of the presence of bendirg both in the meridional 
and circumferential planes. 
A similar pattern was evident in the 'critical zone' except that the 
meridional stresses predominated in this area and that the outer surface 
stresses were tensile on the side of the prototype facing the load and 
compressive on the side facing away from the load - the reverse was the 
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case for the inner surface stresses. Also in this zone the maximum 
stresses on the structure were induced. 
At this point it is interesting to note that, in these two zones, the outer 
surface stresses at e = 00 were approximately equal in magnitude to the 
corresponding inner surface stresses at e 180 0 but of different signs and 
vice versa. Again this was indicative of a considerable circumferential 
variation in surface stresses and bending stresses as would be expected 
from the application of a non-axisymmetric point load. 
The third zone, where bending was significant, encompassed the point 
of application of the load. However the direct and bending stresses in this 
region were not as high as in the other two zones and they reduced 
significantly a small distance away from the load indicating the presence of 
a small dimple. 
Over the rest of the shell, the stresses were low reaching a minimum at 
E) = ± 90 ° where the stresses were negligible compared with the maximum 
stresses induced at e = 0 0 . Nevertheless the inner and outer surface 
stresses were still of different signs indicating a departure from the 
membrane type behaviour exhibited by the prototype when subjected to an 
axial point load and therefore rendering a membrane analysis unsuitable for 
this particular load case. 
These variations in surface stresses were substantiated by the deflected 
form of the prototype under this non-axisymmetric load, see Fig. 3.11. This 
figure shows that there was much deformation in the plane of application of 
the load, i.e. at 8 = 00 but very little deformation in a plane at right angles 
to it. This conforms with the circumferential variation in stresses shown in 
Figs 3.3 to 3.9. In some areas, especially near the base of the prototype, a 
considerable amount of rotation was evident thus accounting for the high 
bending stresses expected in the critical zone and at the apex. 
Also shown clearly in Fig. 3.11(a) is the presence of a dimple around the 
point of application of the load which is consistent with the variation in 
surface stresses induced around that area. 
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In general this numerical investigation has shown that the application of 
a point load at the maximum diameter of the Echinodome is the more 
critical load case and although it is envisaged that any penetrations of the 
shell would be at the apex, the possibilities of impact loading of an 
accidental nature at the maximum diameter cannot be ignored if structural 
integrity of the complete design is to be ensured. 
3 . 2 .2 The membrane theory 
An alternative and simpler approach to the analysis of the Echinodome 
under axisymmetric point loading could be provided by the membrane 
theory for thin shells. This method, which gave reasonable results when 
analysing the shell under hydrostatic pressure (see section 2.4.6), could be 
used in the initial stages of design when a quick and reliable solution is 
required. 
In this section the method is outlined and a comparison of the results 
obtained from this classical approach is made with those obtained from the 
finite element method. 
3.2.2.1 Point load at the apex 
Fig. 3.12 shows the drop shaped shell subjected to a point load, P, / 
acting down the axis of symmetry of the shell. 
The two equilibrium equations 22  based on the membrane theory, for a 
thin shell of revolution are: 
21Tr0N sin4 + 	= 0 	 (3.3) 
and 
+ NO/r 2  = -z' 	 (3.4) 
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where N4) and NE) are the meridional and circumferential stress 
resultants; P' is a single vertical load at the apex; Z'is the radial load 
intensity; r0 is the radius of the parallel circle; r 1 and r2 are the meridional 
and circumferential radii of curvature and 4) is the angular coordinate. 
Since the shell is only under a single point load at the apex, then the 
radial load intenity, Z,is zero and equation 3.4 becomes: 
N4)/r1 = -NE)/r2 	 (3.5) 
From equation 3.3, 
/ 
N4) = -P / 2wr0 sin 4) 	 (3.6) 
and therefore from equations 3.5 and 3.6, 
P / 21Tr0 r 1 sin 4) = No / r2 	 (3.7) 
However from Fig. 3.12, r 2 sin 4)•= r0, thus, 
No = P'/ 27rr 1 sin 	4:i (3.8) 
Using equations 3.6 and 3.7, the stress resultants can be calculated at 
any point along the meridian so long as the appropriate r 0, r 1 and 4) are 
known. P' is the vertical load acting above the point in consideration and 
hence in the absence of any other vertical load, as is the case here, it 
would be constant down the meridian of the shell. 
The values of r 0, r 1 and 4) can be obtained directly from the shape 
prediction program (see appendix 1.2) for any point on the surface of the 
test shell. 
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3.2.3 Comparison of the membrane theory with the finite element method 
The above equations were used to analyse the shell under an axial point 
load of 300N. The resulting stress resultants were then converted into 
stresses using equations 3.9 and 3.10 below in order to facilitate the 
comparison with the finite element method. 
a4 = N/ t 	 (3.9) 
ae = N8! t 
	
(3.10) 
where, 	and ae are the meridional and circumferential stresses on the 
middle surface of the shell and t is the thickness of the shell wall. 
The results obtained are given in table 3.1 alongside the results obtained 
from the finite element analysis (F.E.A.). 
Circumferential 	Mendional 
Meridional 	 stress 	 stress 
distance 
Membrane F.E.A. 	Membrane F.E.A. 
theory 	 theory 
(MN/rn 2) (MN/rn 2) (MN/rn 2) (MN/rn 2 ) 
0.11- 0.95 1.08 -0.95 -1.07 
0.21- 0.28 0.23 -0.22 -0.22 
0.31- 0.11 0.11 -0.10 -0.10 
0.41- 0.08 0.08 -0.07 -0.07 
0.51- 0.07 0.07 -0.05 -0.05 
0.61- 0.07 0.07 -0.05 -0.05 
0.7L 0.08 0.08 -0.07 -0.07 
0.81- 0.14 0.14 -0.10 -0.10 
0.91- 0.50 0.48 -0.23 -0.25 
1.01- 6.54 -0.17 -3.16 -0.46 
Table 3.1 Comparison of the membrane theory and the 
finite element method for a point load of 
300N at the apex (middle surface stresses) 
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The table shows that there is very good agreement over most of the 
shell except near the base, where the membrane theory predicted much 
higher stresses than the finite element method. However, this could be 
expected since the membrane theory ignores all bending and shear effects 
which would be present in the critical region near the base. Therefore for a 
detailed analysis of the stresses in this critical zone the finite element 
method would be necessary. 
Nonetheless, the results show that in the initial stages of design, the 
membrane theory could be useful in obtaining an accurate overall 
representation of the behaviour of the Echinodome under axisymmetric 
point loading, without having the burden of high computing costs. 
It should be noted, though, that the analysis of the Echinodome under 
non-axi symmetric point loading using the membrane theory is not as 
straightfoward as that described above. This is mainly due to the general 
form of the drop shaped shell and the fact that Fourier series 
approximations have to be included in the equilibrium equations to 
represent the point load, rendering the solution of the shell equations 
difficult and time consuming. Under such loading conditions, therefore, the 
finite element method offers the simplest and most efficient procedure for 
analysing the Echinodome. 
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3.3 	Experimental investigation 
The comparison made in the preceding section was fruitful since it 
showed that there was good agreement between the results obtained from 
the two theoretical approaches. However complete reliance would not be 
placed on a theoretical method until it had been verified by experimental 
work and to this end a series of tests to substantiate the use of the finite 
element method was undertaken. 
The response of the G.R.P. prototype, see Fig. 2.6, was examined 
experimentally under two different loading conditions - point load at the 
apex and point load at the maximum diameter - as in the finite element 
analysis and the details of this investigation are presented in the following 
sections. 
3 . 3 . 1 Loading arrangement 
The prototype was first bolted via its tufnol base onto a slotted steel 
circular base plate which was subsequently secured to a rotating table 
positioned in a loading frame :as  shown in Fig. 3.13. The slotted base plate 
allowed the shell to be rotated through 90 in the horizontal plane whilst 
the rotating table, in turn, allowed the prototype to be rotated through 900 
in the vertical plane so that non-axisymmetric loads could be applied at any 
point on the surface of the shell. 
The load was applied via a stiff circular wooden strut, positioned normal 
to the shell's surface, by means of a balanced dead load lever system. A 
different length of strut had to be employed for each of the two load cases, 
as can be seen in Figs 3.14(a) & 3.14(b). 
CO 
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3 . 3 . 2 Strain Gauging 
The surface strains induced on the shell were measured using electrical 
resistance foil strain gauge rosettes of the 45 ° type (type GFRA 3 -350) with 
the following characteristics: 
gauge resistance . = 350 ± 1.00 
gauge factor 	= 2.15 (average) ; and 
gauge length 	= 3mm. 
High resistance foil strain gauges were used in an attemt to minimise 
the heating effects due to the poor conductivity of the G.R.P. 
The rosettes were bonded onto the outer surface of the prototype at the 
intersection of three symmetrically arranged meridians (at 120 0 spacing) 
and four parallel circles. Two of these parallel circles were inside the 
'critical zone', described in section 2.4.4, and the other two were fairly 
evenly spaced out as shown in Fig. 3.15. 
A further two strain gauge rosettes were bonded onto the inner surface 
of the shell at the fourth parallel circle, at similar locations to those 
rosettes on the outer surface at the same parallel circle. 
Each rosette was orientated with one gauge along the meridian and the 
other two arranged in a clockwise sense so as to monitor both 
circumferential and meridional strains. 
The outer surface strain gauge rosettes were mounted following the 
usual procedure for bonding strain gauges 40.41 but the mounting of the 
inner surface strain gauges required a special technique which has been 
described in previous work 26 
The rosettes were bonded onto a prepared surface - clean and lightly 
abraded - using a general purpose strain gauge adhesive, namely 
cyanoacrylate. This bonding agent had a curing time of 1 min at room 
temperature and was compatible with both the foil strain gauge rosettes 
and the material of the prototype, i.e. glass reinforced plastic. 
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However, this adhesive did not have a very good resistance to humidity 
and some form of moisture proofing was recommended when employing it 
in strain gauging 42  As a result the strain gauges and terminal tags were 
covered with a thin layer of microcrystalline wax, which formed an excellent 
moisture and water resistant coating. This soft and flexible wax coating, 
which was brushed on lightly from the molten state, offered no mechanical 
protection and consequently a coating of silicone rubber (room temperature 
vulcanising) had to be applied over the wax for this protection. 
The strain gauges were energised by a Farnel E30 bench power supply 
providing a steady 2.5V d.c.. The gauges were wired in a half bridge 
configuration with similar gauges mounted in corresponding positions of 
curvature on a dummy half shell for temperature compensation. This 
dummy shell was placed near the loading rig so as to be exposed to similar 
environmental conditions. 
3 . 3 . 3 Displacement transducers 
The displacements were measured using spring loaded potentiometric 
displacement transducers (Tokyo Sokki Kenkyujo type S30FLP100A). These 
rectilinear potentiometers produced an electrical signal directly proportional 
to the linear mechanical movement of its shaft, with a full scale output 
equal to the applied volts and a linearity of 0.25%. They had a full scale 
resistance of 2k2 and a resolution of ± 1 micron was possible. 
A constant voltage of 5V d.c. (1 Amp) was applied by the transducer 
power supply (Techni Measure type TPU-30) to the potentiometers, which 
all had a mechanical stroke of 100 mm. Hence an output voltage of 5V 
would correspond to a movement of the shaft (i.e. displacement) of 100 
mm. 
The displacements were monitored normal to the surface of the shell at 
the apex and at three other parallel circles, one of which was at the 
maximum diameter. The transducers were symmetrically arranged along 
these parallel circles. However the number of transducers used and their 
distribution was different for each of the two load cases. 
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Eight potentiometers were employed for the axisymmetric point load. 
Six of these were placed at the intersection of two meridians (at 120 0 
spacing) and the three parallel circles, one was placed at the apex and the 
remaining one was placed at the maximum diameter on a third meridian at 
120 0 to the other two meridians, see Fig. 3.16(a). 
For the non -axisvmmetric load case, ten transducers were employed. 
Six of these were positioned at the intersection of two meridians (at 180 0 
spacing) and the three parallel circles, one was placed at the apex and the 
remaining three were symmetrically arranged along half of the 
circumference at the maximum diameter (at 45 0 spacing) so as to monitor 
the circumferential variation in the normal displacements, see Fig. 3.16(b). 
In both cases, the potentiometric displacement transducers were held in 
position by means of a rigid dexion frame built around the prototype and 
secured to the loading frame, see Figs 3.14(a) & 3.14(b). 
3.3.4 Instrumentation 
The general arrangement of the instrumentation employed in this 
experimental investigation is presented in a block diagram form in Fig. 3.17 
The scanning and logging system was controlled by a 32 kbyte CBM 
microcomputer with a back up storage of 1 Mbyte provided by a dual floppy 
disk drive ( CBM  type  8050). 
The signals from the strain gauges and the displacement transducers 
were all directed to a 32 channel purpose built scanner 43 . This scanner 
was connected to the microprocessor by means of the parallel user port 
and accepted signals from any of the 32 channels when instructed to do so. 
The voltages were measured using a Keithley programmable multimeter 
(model 192) which. was in turn connected to the microprocessor via the 
IEEE 488 general purpose interface bus (GPIB). This digital multimeter had a 
resolution of 5 1 /2  digits which corresponded to a resolution of 1 liv when 
reading the voltages from the strain gauges (0.2V range) and a 100V 
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resolution when reading the voltages from the displacement transducers 
(20V range). 
The multimeter was programmed to output a single reading, with a line 
cycle integration period of 20ms, only when addressed by the 
microprocessor. 
3 .3 .5 Computer program 
A computer program, STRAIN, was developed for controlling this 
scanning system and a flow diagram of it is shown in appendix 1.4. 
This program was divided into two main sections. The first section 
controlled the scanning and the second section processed the results. 
In the first section, the program instructed the scanner to switch open a 
particular channel and addressed the multimeter to output a reading ofthe 
voltage in that channel. This voltage was then displayed on the screen of 
the microcomputer and listed on a line printer (CBM type 4020). 
Using this system the datum readings could be stored in the computer's 
memory so that the net strains and deflections could be determined in 
subsequent runs. 
The second part of the program calculated the principal stresses and 
strains, circumferential stress, meridional stress , Von Mises stress and 
deflections and thereafter listed them on the line printer. 
All the results of the experiment were sent also to the disk drive for 
permanent storage. 
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3 . 3 . 6 Experimental procedure 
Once the prototype was firmly in position on the loading rig, a few 
scans were made with no load applied to ensure that all the equipment was 
connected and functioning correctly and that the datum readings were 
stable and consistent. 
The load was applied via the dead load balanced lever arm system using 
a ratio of 5:1 for the point load at the apex and 2.25:1 for the point load at 
the maximum diameter. The load was applied in increments of 50N from 50 
to 300N. A maximum load of 300N was considered so as not to exceed the 
ultimate strength of the G.R.P.. 
The loading rate was kept constant throughout the series of tests - an 
increment every 2 mins - and the scanning was done by the computer 
program, STRAIN, on the load increasing part of the loading cycle 
immediately after applying the load. Each scan took approximately 7.5s to 
read the 30 channels of the scanner when only strain gauges were 
monitored and 9.85s to read the 30 channels when 10 displacement 
transducers and 6 strain gauge rosettes were monitored together. 
A total of 10 runs were carried out for the point load at the apex and a 
total of 20 runs for the point load at the maximum diameter, each time 
monitoring a different combination of strain gauges and displacement 
transducers in the 30 channels. Fewer runs were required for the point load 
at the apex as it was possible to average Out all the displacements and 
strains on a particular parallel circle due to the axisymmetric behaviour of 
the shell. Whereas for the point load at the maximum diameter, the 
non-axisymmetric nature of the shell's response to this load, meant that 
this was not possible. 
A period of at least 5 mins was allowed between runs to allow for creep 
recovery. 
3.3.7 	Experimental results 
The results obtained from this series of tests are tabulated in table 3.2 
for the point load at the apex and table 3.3 for the point load at the 
maximum diameter. 
Parallel 	 Load 
circle 50N 	lOON 	150N 	200N 	250N 	300N 
1 -0.028 -0.066 -0.107 -0.152 -0.198 -0.242 
2 -0.013 -0.023 -0.036 -0.047 -0.065 -0.072 
3 -0.016 -0.033 -0.058 -0.074 -0.091 -0.117 
4(outer) 0.050 0.139 0.201 0.284 0.353 0.425 
4(inner) -0.088 -0.224 -0.363 -0.482 -0.594 -0.736 
Table 3.2(a) Average meridional stresses for point load at the 
apex (MN/m 2 ) 
Parallel Load 
circle 50N lOON 150N 200N 250N 300N 
1 0:026 0.043 0.065 0.089 0.112 0.136 
2 0.018 0.029 0.032 0.049 0.056 0.075 
3 0.017 0.033 0.043 0.066 0.085 0.101 
4(outer) 0.096 0.175 0.280 0.397 0.506 0.619 
4(inner) 0.034 0.062 0.100 0.156 0.203 0.252 
Table 3.2(b) Average circumferential stresses for point load at the 
apex (MN/rn 2 ) 
Parallel 	 Load 
circle 50N 	lOON 	150N 	200N 	250N 	300N 
apex 	0.065 0.288 - 	 0.466 0.632 0.806 0.923 
a 0.009 0.020 0.021 0.026 0.027 0.029 
b 	-0.001 -0.001 -0.001 -0.003 -0.004 -0.004 
c -0.005 -0-013 -0.028 -0.043 -0.058 -0.073 
Table 3.2(c) Average normal displacements under a point load at 
the apex (mm) 
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Meridian Parallel 	 Load 
circle 50N 	lOON 	150N 	200N 	250N 	300N 
1 0.006 0.011 0.017 0.021 0.023 0.038 
2 -0.006 -0.014 -0.018 -0.023 -0.030 -0.034 
3 0.008 0.014 0.015 0.021 0.029 0.041 
4(outer) 0.012 0.025 0.025 0.032 0.040 0.023 
4(inner) 0.038 0.096 0.152 0.206 0.270 0.318 
2 	1 0.005 0.008 0.009 0.013 0.016 0.017 
2 0.025 0.056 . 0.078 0.142 0.199 0.225 
3 0.025 0.038 0.057 0.077 0.091 0.116 
4(outer) -0.176 -0.354 -0.614 -0.773 -0.998 -1.163 
4(inner) 0.083 0.191 0.299 0.425 0.596 0.651 
3 	1 -0.011 -0-019 -0.027 -0.034 -0.039 -0.038 
3 -0.021 -0.038 -0.070 -0.083 -0.105 -0.130 
Table 3.3(a) Average meridional stresses for point load at the 
the maximum diameter (MN/m 2) 
Meridian Parallel 	 Load 
circle 50N 	lOON 	150N 	200N 	250N 	300N 
1 -0.008 -0.016 -0.026 -0.032 -0.033 -0.041 
2 0.009 0.019 0.019 0.027 0.030 0.038 
3 -0.012 -0.020 -0.026 -0.035 -0.041 -0.048 
4(outer) -0.064 -0.143 -0.219 -0.307 -0.387 -0.469 
4(inner) -0.073 -0.148 -0.222 -0.300 -0.364 -0.450 
2 	1 0.007 0.014 0.011 0.027 0.035 0.040 
2 -0.029 -0.043 -0.066 -0.079 -0.101 -0.119 
3 0.026 0.046 0.072 0.099 0.128 0.158 
4(outer) -0.125 -0.246 -0.382 -0.533 -0.692 -0.838 
4(inner) -0.065 -0.129 -0.198 -0.282 -0.344 -0.402 
3 	1 -0.005 -0.006 -0.011 -0.015 -0.019 -0.021 
2 -0.029 -0.065 -0.084 -0.144 -0.172 -0.195 
Table 3.3(b) Average circumferential stresses for point load at the 
the maximum diameter (MN/rn 2 ) 
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Parallel Meridians 	 Load 
circle 	 50N 	lOON 	150N 	200N 	250N 	300N 
apex -0.026 -0.061 -0.094 -0.121 -0.159 -0.190 
a I & V -0.014 -0.022 -0.030 -0.036 -0.044 -0.054 
b III 0.164 0.336 0.502 0.669 0.833 1.000 
b II & IV 0.075 0.158 0.239 0.322 0.401 0.479 
b I & V 0.007 0.0 13 0.022 0.032 0.042 0.051 
c I & V 0.007 0.017 0.026 0.034 0.045 0.052 
Table 3.3(c) Average normal displacements under a point load at 
the maximum diameter (mm) 
3.4 	Discussion of experimental results and comparison with the 
numerical results 
The results obtained from this experimental investigation show that the 
responses to both the axisymmetric and non-axisymmetric p'oint loading 
had been approximately linear in nature at most measurement locations. 
For the axisymmetric point loading the maximum deflection was 
obtained at the apex of the shell, just under the point load, as would be 
expected, and of the four parallel circles monitored the maximum surface 
stresses were found along the fourth parallel circle. The strain gauges in 
this parallel circle, which lies in the 'critical zone' near the base of the 
prototype, also indicated the presence of localised bending, especially in the 
meridional plane as the difference between the outer and inner surface 
meridional stresses was the greatest in this zone. 
Very little deformation was evident around the middle zone of the 
prototype and this was substantiated by the stresses obtained from the 
rosettes in parallel circles 2 and 3. 
A comparison of these experimental results with those obtained from 
the finite element method for an axial point load of 300N is given in Figs 
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3.2 & 3. 10. Good agreement is demonstrated for the measurement 
locations except for the experimental deflection at the apex which was 
twice the numerical one. 
However the presence of a seam bonding the two halves of the 
prototype together and the localised thinning expected near this seam could 
account for this difference. Fig. 3.18 shows the results of a finite element 
analysis to determine the effects of local thinning around the apex on the 
deflection of the prototype under an axial point load. Only the deflection at 
the apex was affected significantly and this figure suggests that a reduction 
in thickness of about 38% would be enough to give a numerical deflection 
at this point comparable to the experimental one obtained. 
For the non-axi symmetric point loading the maximum deflection was 
obtained also at a location just under the point load and the minimum 
deformation was recorded along the two meridians at 90 0 to the meridional 
plane of the load. 
The maximum stresses measured were compressive and were obtained 
from the strain gauges at the intersection of the fourth parallel circle and 
meridian 2 (8 = 900 ) on the outer surface. Also at this point, which lies in 
the 'critical zone', the results for the outer and inner surface stresses 
demonstrated the greatest maximum bending stresses. 
In agreement with the measured deflections, the minimum stresses were 
obtained along the meridian at 900  to the direction of the load hence 
indicating the type of non-axisymmetric, but symmetric, response that could 
be expected under this loading. 
A comparison of these results with the numerical ones is shown on Figs 
3.4, 3.6, 3.8 & 3.11. This comparison is for the maximum point load of 300N 
and good agreement is demonstrated for most of the measurement location 
although some discrepancies are evident in the critical zone where the 
experimental results, especially those from the inner surface strain gauge 
rosettes, were generally higher than the numerical ones. 
M. 
However it is worth noting that the finite element analysis used an 
approximation in the form of a Fourier series to define the point load and 
that since this infinite series was curtailed after 6 terms for reasons of 
economy some differences could be expected in such a comparison. 
An important factor which also might have influenced these results was 
the circumferential variation in the thickness of the prototype's wall, see 
appendix 3. This variation could not be accounted for in the finite element 
idealisation 'since axisymmetric ring elements were employed and an 
average value for the thickness' had to be used for each ring finite element 
- the meridional variation in shell wall thickness was however taken into 
account. For the axial loading this was of no significance since, because of 
the axisymmetric nature of its response, the results obtained from all the 
rosettes on each parallel circle could be averaged out whereas for the point 
load at the maximum diameter this could not be done because of the 
non-axisymmetric response of the shell. Consequently local thickening in 
some areas could well explain the low experimental results obtained from 
some of the strain gauges. 
A common source of error that could have accounted for the 
discrepancies obtained under both loading conditions could be that due to 
gauge misalignment or mislocation. Although great care was taken to 
ensure that the gauges were bonded exactly in position and correctly 
orientated, it was possible that the inner surface strain gauges, which 
required a special technique for their installation 26, were slightly misaligned 
and' thus could account for the difference in results obtained for that 
location. 
Similarly the doubly curved form of the prptotype made the positioning 
of the displacement transducers very difficult and a slight deviation from 
the required normal position might have been present. 
Yet despite all these error sources which are inherent in strain gauging 
and model testing 41  the results of this experimental investigation and the 
comparison with the numerical results were encouraging. Although more 
measurement locations for both strains and displacements would be 
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required for a detailed investigation of the Echinodome under a point load, 
the results obtained from the few locations measured were enough to 
confirm the suitability of the finite element method for that purpose. 
Also, since the point load at the maximum diameter is a form of 
non-axisymmetric load then this investigation substantiates the use of the 
finite element method, and in particular, element 42130 in PAFEC, for the 
examination of the behaviour' of the drop- shaped shell under 
non -axisymmetric loads of a general nature such as wind loading and 
current drag. 
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3.5 	Summary and Conclusions 
The response of the Echinodome to axisymmetric and non -axisvmmetric 
concentrated loads was examined in this chapter both theoretically and 
experimentally. - 
In the theoretical investigation the finite element method was employed 
to analyse the behaviour of the drop-shaped shell under a point load normal 
to the shell's surface at the apex and at its maximum diameter. 
For the axisymmetric point loading, the numerical results were compared 
with the analytical results obtained from the membrane theory for thin 
shells and very good agreement was evident indicating the suitability of the 
membrane theory for that purpose. 
Then a series of tests was carried out on the prototype, employing both 
strain gauges and displacement transducers, so as to examine its response 
to concentrated loads experimentally with the view of confirming the 
numerical results. 
A comparison of the experimental and numerical results showed that 
there was good agreement between the results for both axisymmetric and 
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non-axisym metric point loads. Thusjgave some confidence to the use of 
the thin three noded shell of revolution finite element (42130) in PAFEC in 
the analysis the Echinodome under concentrated loads and under 
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Fig. 3.10 Deflected shape under an axial point load of 300N 
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Fig. 3.12 Point load on the Echinodome - membrane theory 
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Fig. 3.13 Connection of base to loading rig 
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Fig. 3.15 Arrangement of strain gauge rosettes 
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CHAPTER FOUR 
EXAMINATION OF THE BUCKLING BEHAVIOUR 
OF THE DROP-SHAPED SHELL 
UNDER HYDROSTATIC PRESSURE 
4.1 	Introduction 
Buckling under hydrostatic pressure is a major problem area facing an 
engineer designing underwater shell structures. Structural instability in 
such shells can occur well before the material is highly stressed and could 
result in a catastrophic implosive failure. Therefore it is very important that 
the buckling behaviour of any particular form of structure is investigated 
carefully before employing it in underwater applications. 
In this chapter, the buckling behaviour of the drop-shaped shell is 
examined both theoretically and experimentally. 
A linear and non-linear elastic buckling analysis of a small prototype is 
carried Out, using the finite element method, to determine the critical 
buckling pressures and their corresponding mode shapes. These are 
subsequently compared with an approximate solution obtained using the 
classical shell theory. 
The numerical results are then verified by experimental work based on 
the Southwell technique for predicting the critical buckling loads of 
structures. 
42 	Theoretical methods for shell buckling analysis 
Considerable work has been done, over the past fifty years, to develop a 
theoretical model for predicting the buckling loads and mode shapes of 
shells of revolution 22.44.45.46 
Most of this work was based on Love's general shell theory 29  and was 
restricted to simple problems such as spheres and cylinders under external 
pressure, as the differential equations for these shapes lent themselves to 
exact analytical solutions. The results obtained from this classical approach 
were well above observed experimental values and further work was 
necessary to lower the predicted buckling pressures by taking into account 
initial imperfections 46,47 
It was not until the development of numerical methods for structural 
analysis and the advances in the electronic computer, that the buckling 
behaviour of general shells of revolution under arbitrary loading conditions 
was first studied. These numerical methods, especially the finite element 
method, predicted loads which agreed very closely with experimental results 
for both axisymmetric and non-axi symmetric buckling modes 48.49,50 
Consequently, the finite element method was chosen for the examination 
of the buckling behaviour of the Echinodome. 
Of the three finite element programs readily available, see appendix 4, 
only the Mistry program was capable of performing a buckling analysis and 
consequently it was used in this work. 
4 . 2 . 1 The Mistry program 
The Mistry finite element program can be used to calculate the 
minimum critical load corresponding to either snap-through collapse or 
non-axisymmetric bifurcation buckling of axisymmetric shell structures. 
The shell is first discretised into finite elements, as described previously 
in section 2.4.2, and the axisymmetric pre-buckling behaviour of the 
structure is then modelled, using either linear or geometric non-linear static 
stress analysis. A typical pressure v deflection curve showing ' the 
non-linear axisymmetric pre-buckling path, OAB, is given in Fig. 4.1 
As this pre-buckling fundamental path is generated, the determinant 'of 
the stability matrix is calculated and the stiffness matrix is examined at 
each pressure step. A condition of non-axisymmetric bifurcation buckling 
would exist if the determinant of the stability matrix were zero whilst 
axisymmetric snap-through collapse would occur if the stiffness matrix were 
non-positive definite. 
A detailed explanation of the theory behind this procedure for 
calculating the critical load of axisymmetric shells can be found in 
numerous papers 35,49 and a flow diagram of the subroutines carrying out 
the buckling analysis in the Mistry program is given in appendix 1.5. 
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4.2.1.1 Finite element analysis 
The small prototype used in the previous investigations was discretised 
into a number of ring elements as described in section 2.4.2. 
Elastic buckling analyses of the prototype under hydrostatic pressure 
were performed using both linear and non-linear pre-buckling stress 
resultants and the results are shown in table 4.1 below. 
Buckling pressure head 
Type of buckling 	 (m) 
linear 	non-linear 
Snap through (n=0). 	103.74 	43.20 
Bifurcation 	(n1) 40.26 31.48 
Table 4.1 Theoretical buckling pressure heads 
(n = harmonic number) 
The corresponding buckling mode shapes are shown in Fig. 4.2 
The cpu time required for a buckling analysis using linear pre-buckling 
stress resultants was 22.5s whilst the cpu time required for a buckling 
analysis using non-linear pre-buckling stress resultants was 193.9s. 
The input files for these problems were very similar to that shown in 
appendix 2.1 and were 2.1 Kbytes long. The size of a typical output file 
from the buckling analysis was 28 Kbytes. 
It is also interesting to note that in this particular case, the ultimate 
strength of the shell material would be exceeded in the bottom tenth of the 
shell wall before bifurcation buckling occurred. A table showing the 
maximum pre-buckling Von Mises stresses for the non-linear buckling 
analysis is shown on the next page. 
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Max. Von Mises stress 
Type of buckling 	 (MN/rn 2 ) 
Snap through 	(n=0) 	 178.2 
Bifurcation (n=1) 78.7 
Table 4.2 Maximum pre-buckling Von Mises stresses for 
the non-linear buckling analyses 
(ultimate strength of the material = 54.2MN/m 2 , 
see section 2.4.1) 
4 .2 . 2 The classical approach 
The cost in terms of computer run-time and storage is quite high for a 
buckling analysis based on the finite element method. As a result a 
classical approach to buckling was examined to determine whether it could 
be used in the initial stages of design to give an accurate and quick 
approximation of the critical buckling pressure of the Echinodome. 
The differential equations for the buckling of the drop-shaped shell 
under hydrostatic pressure were developed from the general shell theory 
following the procedure described by FiCigge 22  However, the equations 
produced did not have any exact analytical solution and could not be taken 
any further. 
As an alternative, the equation for the buckling of a sphere was 
considered. An equivalent sphere with a diameter of 1 /2(0.45+0.38) = 
0.415m and an average thickness of 3.8mm was examined un1er external 
pressure. 
Using Von-Karman and Tsien's 	modified linear equation for the 
buckling of the sphere, the critical buckling pressure head was found to be 
99.8m for axisymmetric snap through collapse. Although this agrees well 
with the critical buckling pressure head for snap through collapse obtained 
from a linear buckling analysis using the finite element method (see table 
4.1), the more critical bifurcation buckling pressure head is about 32% of 
it 
this value. ThusLindicated  that the classical approach could not be used 
safely in the initial stages of the design of the Echinodome. 
4.2.3 	Discussion of theoretical results 
The results of this numerical work showed that the linear elastic 
buckling analysis predicts higher critical loads than the analysis based on 
non-linear pre-buckling stress resultants. For the most critical condition - 
bifurcation buckling (see table 4.1) - the values were within 22% of the 
greatest one. 
However, because of the large number of iterations required for a 
non-linear buckling analysis, the cpu time for a linear buckling analysis was 
only about 1 /9th of the cpu time required for the non-linear run. Thus, in 
the absence of any quicker and reliable method of predicting the critical 
buckling pressure of the Echinodome, a linear elastic buckling analysis of 
the shell could be useful in the initial stages of the design. 
The results also showed that the critical region, i.e. the bottom tenth of 
the shell wall, was highly stressed and that the ultimate strength of the 
G.R.P. would be reached in that region before buckling occurred. This 
indicated that for this particular shell profile, wall thickness and material, 
buckling was not the criterion in design and that the material would fail 
before the shell became structurally unstable. 
Nevertheless, it should be noted the the profile of the drop-shaped shell 
varies with the design head, material's design stress and wall thickness - it 
could well be flatter or more spherical depending on these variables. Hence 
an examination of the buckling behaviour would be required in each 
particular case before an indication could be obtained as to whether the 
criterion for design was buckling or material failure. A linear elastic 
buckling analysis would suffice in most cases to obtain this indication. 
In general, it is encouraging to note that the buckling capabilities of the 
Mistry finite element program have compared well with other numerical 
methods and programs such as the finite difference program, BOSOR5 48  It 
has also been used successfully for analysing the buckling behaviour of 
cone - cylinder and nozzle - torisphere combinations 48.49.  But before 
using it in the design of underwater drop shaped enclosures, experimental 
verification is necessary to examine the suitability of the program for the 
buckling analysis of such forms of structures. 
4.3 	Experimental investigation of shell buckling 
The experimental determination of the buckling loads of shells is of 
great importance to the structural designer. It provides an indication of 
how the 'real' structure behaves under load and allows a comparison to be 
made with the theoretical model used to predict the failure loads. 
Traditionally, this has been done by testing a large number of identical 
specimens to failure and then using statistical techniques to evaluate the 
critical load for that particular form of structure. However, in these tests, 
the critical loads can sometimes be very difficult to measure and several 
factors which may affect it such as the level of geometric imperfections 
and the influence of the boundary conditions are indeterminate. In other 
cases, material failure can occur well before buckling and the critical 
buckling load is not identifiable accurately - as is the case with the 
prototype used in this work. 
As a result, large discrepancies between theoretical and experimental 
critical loads have been obtained in the past. 
This form of buckling test can be very expensive, especially if a large 
number of specimens with awkward shapes have to be built. It is also 
impossible to predict the buckling loads for different mode shapes. 
Consequently other techniques for determining the buckling loads of shell 
structures, using non-destructive principles and without catastrophic 
buckling have come to the forefront in recent years 51.52•  Amongst these 
techniques is the Southwell Plot, which was initially developed in 1932 53 
for determining the buckling loads of columns. 
4.3.1 	The Southwell Plot 
The Southwell Plot is a simple technique for interpreting the results of a 
non-destructive buckling test on a structure. It coul4. only be applied to 
structures exhibiting an approximately hyperbolic load v deformation curve, 
passing through the origin, as long as the deflections were small and that 
the elastic limit of the material was not exceeded. Using the Southwell 
technique, this hyperbolic curve is transformed into a straight line by 
plotting deformation/load against deformation and the critical load is equal 
to the reciprocal of the gradient of this line 53 
In the past, the Southwell Plot has been successful in predicting the 
critical loads in neutral buckling problems , such as the buckling of columns 
52.53 and is nowadays a well accepted technique for solving those type of 
problems. However the Use of this technique in unstable buckling 
problems, such as shell buckling, has been received with mixed criticism 
52,54. 
Nonetheless it should be noted that careful use of this technique has 
predicted critical loads which have agreed very closely with the 'actual' 
collapse load and numerical results for a wide range of shell structures 
including cylinders 55.56.57.58,  pipe elbows buried pipes 60,  spheres and 
spherical caps 61  under different load conditions. It has also been used to 
predict the critical load of structures from the results of a non-linear static 
stress analysis using the finite element method 62  In some cases it has 
even been possible to identify different buckling mode shapes of shell 
structures 58•  Consequently, the Southwell technique was chosen for 
interpreting the results of this work. 
4.3.2 Buckling tests on the Echinodome 
In order to gain a better understanding of the buckling behaviour of the 
Echinodome and assess the suitability of the finite element method in 
predicting the critical loads, a series of buckling tests was performed on a 
small prototype. The prototype was the same one that was used in the 
previous experimental work and the reader is referred to section 2.4.1 for 
details of the shell's characteristics. 
The surface strains were measured in three directions at 10 locations 
using electric resistance strain gauge rosettes and again the reader is 
referred to section 3.3.2 for details of the strain gauge arrangement 
together with the instrumentation since these were the same as for the 
examination of the behaviour of the shell under concentrated loads. 
W. 
However, it should be noted that due to the limited space inside the 
pressure chamber, it was not possible to monitor displacements. 
4.3.2.1 Pressure chamber test arrangement 
The pressure chamber was a copper autoclave, specially adapted for 
testing the prototype under hydrostatic pressure up to a head of 20 m. It 
was cylindrical with an internal diameter of 465mm. It had a torispherical 
bottom and a spherical removable lid giving it a overall height of 750mm. 
The lid had a sealable bleed hole at its apex to allow air to be expelled as 
the chamber filled. The chamber was pressurised, through a hole in its 
side, directly from the water mains. 
The pressure was monitored by both a water manometer and a digital 
pressure gauge for heads less than 1 metre and by the digital gauge alone 
for greater heads . The digital pressure gauge was a Setra Systems 
pressure transducer (model 205-2) capable of reading up to 0.17 MN/m 2 
with a full scale accuracy of 0.11% at constant temperature. It was 
calibrated against the water manometer and adjusted to read directly to ± 
0.005m. 
The tufnol base of the shell was bolted onto a dural platform and a 
cylindrical aluminium strut was placed around the shell in order to 
co'unteract the buoyancy when the pressure chamber was flooded. The 
whole arrangement was then placed inside the chamber as shown in Fig. 
4.3. 
The leads from the strain gauges were passed through an opening in 
the wall of the chamber which was subsequently filled with silicone rubber 
(room temperature vulcanising) to keep it watertight. 
A view of the whole test apparatus is shown in Fig. 4.4. 
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4.3.2.2 Test procedure 
Once the prototype was in position inside the chamber, the strain 
gauges were tested using a gauge installation tester and a few scans were 
made to ensure that all the equipment was connected and functioning 
correctly. 
The pressure chamber was then closed, keeping the bleed valve on the 
lid opened and water was allowed in slowly. When the chamber was 
completely full and after inspecting for leaks and air bubbles in the system, 
the bleed valve was closed and the pressure was increased gradually using 
a control valve. 
The pressure head, over the apex of the shell was raised to 1000mm in 
increments of 100mm and then up to 3500mm in increments of 250mm. 
The pressurisation was done at a uniform rate throughout - approximately 
every 40s. 
At each pressure level a scan was made of the strain gauges in the two 
meridians containing the inner surface strain gauges ( i.e. meridians 1 & 2 
in Fig. 3.15). The scans were controlled by a Commodore Pet computer 
using the program STRAIN (with modified prompts) and took approximately 
7.5s to read the 30 strain gauge channels at each increment. A flow 
diagram of STRAIN can be seen in appendix 1.4. These readings were taken 
on the pressure increasing part of the loading cycle as soon as the required 
pressure was reached in each case. 
A total of five runs were made allowing 5mins between runs for creep 
recovery. 
4.3.2.3 Experimental results 
Using the numerical output obtained from the program STRAIN, the 
pressure - strain curve for each strain gauge was drawn and the resulting 
relationship for a typical strain gauge at each of the four parallel circles 
monitored can be seen in Figs 4.5 to 4.9. 
All these curves, which wre fitted by eye, showed a linear relationship 
between the pressure and strain up to a pressure head of about 2.0m. 
Above this pressure head, the relationship became non-linear and 
approximated to a hyperbolic curve. 
It should be noted, though, that not all the strain gauges exhibited a 
hyperbolic pressure - strain relationship. Ten strain gauges located on the 
second and third parallel circles gave values of strain that were either very 
low or erratic. This was partly due to the region being one of low stress 
under the loading employed and therefore these gauges were not used in 
predicting the critical load. 
4.3.2.4 Analysis of experimental results 
The approximately hyperbolic nature of the pressure - strain curves 
shown in Figs 4.5 to 4.9 suggested that the Southwell technique would be 
suitable to interpret the results of these buckling tests. Also, since any 
deformation parameter could be used for obtaining a Southwell plot, the 
measured strains were employed directly for that purpose. 
A Southwell plot was drawn for all the strain gauges exhibiting a 
hyperbolic pressure - strain relationship (20 Out of 30) and the plots 
corresponding to the gauges in Figs 4.5 to 4.9 are shown in Figs 4.10 to 
4.14. 
Further pressure - strain relationships for the internal surface strain 
gauges in the critical zone together with their corresponding Southw ell 
plots are given in appendix 8 63.64 
we 
In all these Southwell plots, the straight lines were fitted using a curve 
fitting package based on the least squares approximation - CURVEFIT 65, 
which was available on the ICL 2900 at the E.R.C.C.. The critical loads were 
obtained directly from the equations of the straight lines, i.e. the inverse of 
the slope of the line, and a value for the standard deviation of all the points 
used in obtaining this equation was obtained from CURVEFIT. A typical 
output from this package is given in appendix 2.6. 
The average critical buckling load predicted by the gauges at each 
parallel circle was then determined and a table showing the resulting 
meridional variation in the predicted critical buckling load is shown in table 
4.3 below. 
Pressure 
Parallel 	Direction 	head 
circle of gauge (m) 




2 	 mer 	44.2 
45 25.1 
cir 	 - 
3 	 mer 	46.6 
45 29.6 
cir 	 - 
4(outer) 	mer 	42.5 
45 43.3 
dr 	43.7 
4(inner) 	mer 	44.7 
45 46.4 
cir 	45.0 
Table 4.3 Mean predicted buckling pressure heads 
at each parallel circle 
(mer = meridional gauge; 45 = gauge at 
45 0 to the meridian; dr = circumferential 
gauge) 
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4.3.2.5 Discussion of experimental results 
Table 4.3 above shows that there is some variation in the predicted 
critical load depending on the position and orientation of the strain gauge 
on the surface of the shell. 
All the strain gauges in the critical zone gave values for the critical load 
which were within 6% of each other. The outer surface strain gauges 
predicted an average pressure head of 43.2m whilst the inner surface strain 
gauges predicted a value of 45.9m, giving an overall mean value for the 
critical pressure head of 44.3m for that region. 
It is interesting to note that on each of the other three parallel circles, 
some of the strain gauges predicted a buckling pressure head very close to 
this value, indicating the possibilities of global buckling taking place around 
a pressure level equal to an overall mean hydrostatic head of 41.7m. The 
fact that around the shell's maximum diameter (i.e. parallel circles 2 & 3) 
only the meridional gauges predicted a global type buckling further 
suggested that in this mode shape there was much more deformation in the 
meridional plane than in any other and therefore indicated an axisymmetric 
buckling mode. 
However, some of the other strain gauges in the upper part of the shell 
predicted values considerably less than 41.7m, indicating that local buckling 
was occurring at a lower head. This lower head was predicted to be 36.3m 
by the meridional strain gauges in parallel circle 1 and 27.4m by the 
non-meridional strain gauges in parallel circles 2 and 3. Suggesting that 
the effects of the local buckling were more pronounced around the shell's 
maximum diameter than near the apex. The region near the apex of the 
shell being influenced to a greater extent by the global snap-through 
buckling, i.e. dimpling, at the higher head would account for a predicted 
critical load halfway between that predicted by the gauges near the 
maximum diameter and the global buckling load. 
The strain gauges indicating this local buckling around the shell's 
maximum diameter were orientated at 4E to the meridian implying 
deformation in a plane other than the meridional plane and hence 
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suggesting a non-axi symmetric mode at the lower hydrostatic head of 
27.4m. 	 - 
4.4 	Comparison of numerical and experimental results 
In general, the experimental results compared well with the numerical 
ones obtained previously in this chapter, see table 4.4 below. 
critical pressure head 
Mode of buckling 	 Exp. 	F.E.M 
(m) (m) 
Axisymmetric 	 41.7 	43.2 
Non - axisymmetric 	27.4 31.5 
Table 4.4 Comparison of experimental and numerical 
results 
The non-linear results from the finite element analysis were used for 
this comparison since the Southwell plot predicts the non-linear buckling 
loads of structures. 
The table above shows that for both axisymmetric and 
non-axisymmetric buckling the experimental critical load was lower than the 
numerical one and within 4% and 12% of it respectively. The greater 
discrepancy between the values for the non-axisymmetric buckling could be 
accounted for by the fact that very few of the strain gauges were predicting 
that mode shape. The translational deflections involved with that particular 
mode of buckling were very small and consequently some of the strain 
gauges that could have predicted it (i.e. those on parallel circles 2 and 3) 
gave values of strain that were too low and could not be used to construct 
a Southwell plot. 
However, some difference could be expected between the experimental 
and numerical results. Considering the variation in thickness over the 
surface of the shell, it was only possible to model a meridional variation in 
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thickness in the finite element analysis whilst in actual fact there was also a 
circumferential variation, see appendix 3. Nonetheless an attempt was 
made to deal with this variation by averaging the results obtained from 
each parallel circle so as to enable a comparison with the finite element 
method. 
Other factors, such as the level of geometric imperfections and the 
degree of fixity at the support also could have influenced the experimental 
values obtained . But, it should be noted that a Southwell plot.would be 
predicting the critical load of the actual prototype together with all its 
imperfections, variations in thickness etc. and it -is the numerical finite 
element simulation which has to approximate its actual behaviour as good.. 
as possible. 
Only a test to destruction could give the actual buckling load of any 
particular form of shell together with all its imperfections and irregularities 
and ultimately a buckling test to destruction should be carried out as it 
would be the only way of confirming the Southwell plot. 
In this work, the non-destructive test based on the Southwell plot was 
employed to verify the results obtained from the finite element method as 
only one prototype was available for testing and a whole series of future 
tests on it had been planned. The results of this work substantiates the use 
of the Mistry finite element program for buckling analyses and adds some 
confidence to its use in the design of Echinodomes for underwater 
applications. 
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45 	Summary and Conclusions 
This chapter investigated the buckling behaviour of the Echinodome 
under hydrostatic pressure both experimentally and theoretically. 
The finite element method was used to determine the linear and 
non-linear critical buckling loads of a prototype and the corresponding 
mode shapes and the results were compared with an approximate solution 
obtained from the classical theory for shell buckling. The lowest critical 
buckling load being associated with a non-axisymmetric (i.e. translational) 
bifurcation buckling mode. 
Following this an experimental investigation was described based on the 
Southwell technique and careful interpretations of the results led to 
prediction of two buckling loads and their mode shapes. 
Quite good agreement was obtained between experimental and 
theoretical results which gave an indication of the suitability of the Mistry 
finite element program for use in the design of underwater drop-shaped 
enclosures. 
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Fig. 4.3 Pressure chamber test arrangement 
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Fig. 4.5 Pressure V strain curve for circumferential 
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Fig. 4.6 Pressure v strain curve for strain gauge 
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Fig. 4.7 Pressure v strain curve for strain gauge at 
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Fig. 4.8 Pressure v strain curve for circumferential 






















Fig. 4.9 Pressure v strain curve for strain gauge at 
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Fig. 4.14 Southwell plot corresponding to Fig. 4.9 
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CHAPTER FIVE 
DETERMINATION OF THE NATURAL FREQUENCIES AND 




The natural frequencies of an underwater structure are the most 
important parameters influencing its dynamic response to the loads 
encountered in the submarine environment. It is important that the 
frequencies of those environmental loads do not coincide with one of the 
natural frequencies of the structure in order to avoid resonance and the 
subsequent magnification of its response. Hence an accurate assessment 
of the natural frequencies and mode shapes of a particular form of 
underwater enclosure is a prerequisite before it is launched. 
In this chapter, the theoretical methods available for the dynamic 
analysis of general shells of revolution are first outlined. Then the natural 
frequencies and mode shapes of an Echinodome are determined using two 
different finite elements programs. 
Following this an experimental investigation is described, based on the 
method of resonance testing, to determine the natural frequencies and 
mode shapes of a prototype. 
The experimental and numerical results are compared and a particular 
finite element is recommended for use in design. 
5.2 	Dynamic analysis of shells 
A vibrating shell structure is a complex dynamic system with an infinite 
number of degrees of freedom and an infinite number of natural frequencies 
which do not lie in any order. The doubly curved form of these structures 
together with the coupling of the membrane and bending behaviour gives 
way, to a wide variety of vibrating mode shapes ranging from pure 
extensional modes, flexural modes and torsional modes to combinations of 
the three. 
Consequently, the derivation of a universally accepted general shell 
theory for dynamic analysis becomes a very difficult task and over the years 
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various theories have been proposed 66,67 
As with the static analysis of thin shells, most of these classical theories 
were based on Love's general shell theory 29  but with different simplifying 
assumptions and expressed the motion of the shell as an 8th order 
differential equation. However because of the complexity of this equation, 
exact analytical solutions were obtainable only for certain simple cases such 
as cylinders, shallow spherical shells and conical shells 67.68 and in most 
cases resort had to be made to approximate solutions using the 
Rayleigh-Ritz 69  or other approximate methods 69 
For general shells of revolution these approximate methods could not be 
applied because of the general nature of their profiles and as a result 
numerical methods had to be employed. 
These numerical methods 70,  which were mainly of the matrix type (see 
section 2.2), were based on the principle of conservation of energy and 
involved the solution of the general equation of motion by using either the 
determinant method 69  or by converting the equation into an eigenvalue 
problem in an attempt to obtain a more efficient solution 69 
Of the different numerical methods available, the finite element method 
provides the most efficient and reliable approach for the dynamic analysis 
of doubly curved shells such as the Echinodome and therefore was chosen 
for this investigation. 
Two different finite element programs, PAFEC and the Mistry program, 
see section 2.3, were used in this dynamic analysis. Both these programs 
employed the eigenvalue process for determining the natural frequencies 
and mode shapes of thin shells but whereas PAFEC followed the eigenvalue 
economisation method 69.70  to reduce the size of the problem and hence 
save on computer time and storage the Mistry program used the Sturm 
count technique 70  for the same purpose. The stiffness matrix and mass 
matrix were formulated as described in section 2.3 and for a detailed 
explanation of the procedure involved in the free vibration analysis of shells, 
using the finite element method, the reader is referred to the numerous 
publications on the subject 3037 
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5.2.1 	Finite element analysis 
The natural frequencies of the prototype used in the previous 
- investigations were determined using both the Mistry finite element 
program and PAFEC. When using the latter, the two elements described in 
chapter 2 i.e. the three noded thin shell of revolution element (element 
42130) and the eight noded isoparametric element for axisymmetric Fourier 
applications (element 36610) were employed. 
The structure was discretised into the same number of elements, 65, in 
each case and the same boundary conditions and material properties were 
input as in the previous analyses - all the data files were very similar to 
those shown in appendices 2.1 to 2.3. 
The results obtained from this numerical investigation are tabulated in 
tables 5.1 to 5.3 and their corresponding mode shapes are shown in Figs 5.1 
to 5.6. 
Meridional 	 Circumferential waves 
waves (n) 
(m) 	0 	1 	2 	3 	4 	5 
250.4 66.8 1467.5 1768.1 1886.9 1969.4 
2 1459.4 979.0 1716.6 1852.6 1950.7 2039.5 
3 1688.5 1569.0 1808.3 1918.3 2032.2 2121.1 
4 1784.8 1734.4 1876.1 1970.3 2087.6 2198.7 
5 1843.3 1815.7 1939.7 2032.8 2158.7 2288.2 
torsional 542.5 
Table 5.1 Natural frequencies (Hz) of the prototype using the 
Mistry finite element program 
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Meridional 	 Circumferential waves 
waves (n) 
(m) 	0 	1 	2 	3 	4 	5 
1 254.6 68.1 1467.7 1767.6 1884.9 1965.8 
2 1465.0 982.0 1719.6 1850.4 1946.2 2033.2 
3 1693.1 1573.9 1811.1 1917.7 2019.0 2114.8 
4 1786.6 1739.2 1878.0 1970.1 2084.7 2193.5 
5 1842.9 1820.0 1941.4 2035.0 2160.7 2281.6 
torsional 542.6 
Table 5.2 Natural frequencies (Hz) of the prototype using 
element 36610 in PAFEC 
Meridional 	 Circumferential waves 
waves (n) 
(m) 	0 	1 	2 	3 	4 	5 
1 250.6 66.7 1538.1 1799.7 1892.6 1976.7 
2 1546.3 1002.1 1795.2 1924.5 1968.7 2060.9 
3 1741.1 1627.8 1875.4 2060.8 2074.8 2188.9 
4 1828.2 1778.3 1941.6 2090.7 2167.0 2254.9 
5 1885.3 1874.7 1987.1 2149.6 2241.0 2376.1 
torsional 543.2 
Table 5.3 Natural frequencies (Hz) of the prototype using 
element 42130 in PAFEC 
5.2.2 Discussion of numerical results 
The results show that the fundamental frequency of the prototype 
corresponds to a non-axisymmetric but symmetric, translational mode as 
shown in Fig. 5.2(a). The second natural frequency corresponds to an 
axisymmetric mode, see Fig. 5.1(a) and the third natural frequency 
corresponds to a torsional mode, see Fig. 5.1(b). 
These three natural frequencies are well spaced out as indicated in 
tables 5.1 to 5.3, but it should be noted that for the higher modes some of 
the natural frequencies are very close together and lie within narrow 
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frequency bands. Although, this is of no significance for the prototype 
because the level of the frequency bands are so high (>1kHz), it is 
envisaged that in larger Echinodomes, these frequency bands could be 
much lower and may lie within a critical zone. 
A comparison of the results obtained for these three modes, using the 
different finite elements is given in table 5.4 below. 
PAFEC 
Mode 	 Mistry 36610 42130 
symmetric 	(n1,m1) 	66.77 	68.09 	66.74 
axisymmetric (n=0,m=1) 250.39 254.61 250.57 
torsional 	 542.50 542.55 543.17 
Table 5.4 Comparison of the lowest three natural 
frequencies (Hz) using the different finite 
elements 
The table above shows that there is very close agreement between the 
results obtained by the different finite elements for the first three natural 
frequencies. The frequencies obtained for the torsional mode were all 
within 0.1% of each other whilst the frequencies obtained for the first 
symmetric and first axisymmetric mode were all within 2% in each case. 
However, as the order of the frequency increases, a greater discrepancy is 
evident from tables 5.1 to 5.3. This discrepancy is due to the results 
obtained from the three noded thin shell of revolution element in PAFEC as 
the other two elements agree well with each other throughout. 
Nonetheless this investigation shows that any of the three finite 
elements could be used to predict the fundamental and higher natural 
frequencies of the Echinodome. 
In design, though, consideration would have to be given to the factors 
listed 	in section 2.4.5 	before choosing 	a particular element to use in the 
free 	vibration 	analysis 	of the 	drop-shaped 	vessel. 	Most of the points 
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discussed in that section also apply to a free vibration analysis, except that 
the cpu time required for a dynamic analysis would be different. In this 
investigation, the Mistry program took a Cpu time of 72.6s to obtain the 
natural frequencies whilst PAFEC took 92.7s when using element 42130 and 
176.3s when using element 36610. Both input and output files were of the 
same size as in the previous analyses. 
Again, as in the static stress analysis, the Mistry program seemed to 
provide the most efficient solution to the free vibration problem especially 
with a cpu time much smaller than the cpu time required for the two 
elements in PAFEC and consequently was chosen for usq in the design 
section of this work. 
However it should be noted that the present version of the Mistry 
program cannot examine the dynamic response of shells to a given load 
history and for such analysis one of the elements in PAFEC would have to 
be used 
In general, it is encouraging to note that the Mistry program also has 
compared well with PAFEC and other numerical methods such as the finite 
difference method in the free vibration analysis of a cylinder-cone 
combination 37.48•  But, as with the previous types of analyses performed in 
this work, experimental verification is necessary before complete reliance 
can be placed on the Mistry program for the determination of the natural 
frequencies and mode shapes of the Echinodome. 
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5.3 	Experimental Investigation 
In this second part of the chapter, the fundamental natural frequency 
and the first axisymmetric natural frequency of the prototype were 
determined experimentally in order to confirm the result obtained from the 
finite element analysis. This was done using a method of resonance 
testing, namely the Peak - Amplitude method 71• 
5.3.1 Simple extension of the Peak - Amplitude method 
The Peak - Amplitude method of resonance testing is the simplest and 
most widely used approach for obtaining the natural frequencies and mode 
shapes of a structure 71 . The method involves the excitation of the 
structure and the measurement of the amplitude of its response at several 
points on the surface of the structure at the various excitation frequencies. 
Using this information, a response curve showing the total amplitude 
against the excitation frequency can be drawn for each point measured, see 
Fig. 5.7, and the natural frequencies can then be calculated as the excitation 
frequency at which the total amplitude reaches a peak, e.g. point A in Fig. 
5.7. 
The principal mode shapes can subsequently be derived from the ratios 
of the amplitudes of the response at the recorded points when the structure 
is resonating, i.e. excited at its natural frequency. 
The theory behind this method of resonance testing has been described 
in detail by Bishop and Gladwell 71 
In this simple extension of the Peak - Amplitude method, the amplitude 
of the response at the base of the structure is also measured and the 
natural frequency is calculated as the excitation frequency at which the 
ratio of the amplitude of the response of the structure to the amplitude of 
the response at the base is a maximum. 
Using this approach, it is possible to take account of any resonance of 
the base plate or the configuration connecting the structure to the vibrating 
table. 
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5.3.2 Test set-up 
The prototype, described in chapter 2, was bolted onto a stiff wooden 
base plate which was in turn fixed to a vibrating table. The prototype was 
excited in two directions as shown in Fig. 5.8 in order to obtain both 
symmetric and axisymmetric modes and the method of fixing the wooden 
base plate onto the table was different in each case. 
For the axisymmetric mode, the base plate was fixed directly onto the 
table top as shown in Fig. 5.9(a) but for the symmetric mode, the vibrating 
table had to be rotated by 900  and a supporting L-shaped configuration had 
to be employed as shown in Fig. 5.9(b). 
5.3.3 Instrumentation 
The excitation was applied to the prototype by an electromagnetic 
shaker (vibrating table) driven by a 2KVA solid state power oscillator and 
amplifier (Ling Dynamic Systems model TPO 2K). The amplitude of the 
oscillations was controlled by the oscillator itself but the excitation 
frequency was controlled externally and recorded by a digital frequency 
meter (Feedback type FM 610) which had a resolution to ± 0.001Hz. 
The responses of the prototype and of the supporting structure were 
monitored by piezo-electric accelerometers whose signals were 
subsequently amplified by charge amplifiers. 
These amplified signals were then directed to a dual channel fast Fourier 
transform spectrum analyser (Hewlett Packard model 3582A) in order to be 
processed. This low frequency spectrum analyser converted the analogue 
signals from both accelerometers, simultaneously, into discrete digital data 
through a sampling process 72  and then performed a narrow band frequency 
analysis for the required frequenãy span. Three such frequency spans were 
used in this work: 0 to 50Hz span with a band width of 1.2Hz; 0 to 250Hz 
span with a band width of 3.0Hz; and 0 to 500Hz span with a band width of 
6.0Hz. 
127 
These spectra were displayed on the screen of the analyser and if 
necessary were stored and sent to a plotter if a hard copy of the spectra 
was required. 
The two spectra were then divided one by the other by means of the 
amplitude transfer function 
72  of the analyser and the result was presented 
j . 
as a logarithmic graphical display on the screen. From this display, it was 
also possible to determine, numerically, the amplitude ratio in decibels and 
the frequency at any point of interest within the display. 
A block diagram of the instrumentation is presented in Fig. 5.10 and an 
overall view of the experimental apparatus and instrumentation can be seen 
in Fig. 5.11. 
5.3.4 Arrangement of accelerometers 
Two different piezo-electric transducers were employed In this 
investigation. One of them was fixed to the wooden base plate to record 











The second transducer was used to map the surface of the prototype 
and record the amplitude of its response at sixteen predetermined points, 












Both transducers were attached to the structure by a thin layer of 
microcrystalline wax, which was spread ,whilst in its molten state, over the 
surface of the prototype at the predetermined points. 
5 . 3 . 5 Experimental procedure 
Once the prototype had been firmly fixed in position on the exciter and 
the base accelerometer attached securely, the whole system was switched 
on and allowed to warm up for a period of approximately 30 mins. 
The second accelerometer was then placed on the prototype at a 
position where the maximum response was expected so that a detailed 
examination of the dynamic response could be undertaken. For the 
axisymmetric vibrations, the accelerometer was placed at the apex and for 
the non-axisymmetric but symmetric vibrations, the accelerometer was 
placed at the maximum diameter. 
In the axisymmetric case, after the amplitude had been set to a 
predetermined level, the frequency of the excitation was increased from 5 
to 200Hz in increments of 10Hz and thereafter up to 300Hz in increments of 
5Hz, noting the ratio of the amplitude of the response of the prototype to 
the amplitude of the response at the base at each frequency level. 
Following this the excitation frequency was increased in increments of 0.5Hz 
in the close vicinity of the resonant frequency (i.e. the excitation frequency 
at which the amplitude ratio reaches a maximum) in order to obtain a 
precise value for the natural frequency. On reaching this natural frequency 
the spectrum was stored and subsequently plotted by the graph plotter. 
The accelerometer was then removed and attached at another point on 
the surface of the prototype, see Fig. 5.12, and the procedure repeated. The 
only difference being that instead of increasing the frequency in steps of 5 
and 10Hz as in the previous tt, 25Hz increments were used. 
A similar approach was adopted for the symmetric vibrations. However, 
resonance was expected at a much lower frequency and therefore the 
excitation frequency was increased only up to 100Hz and 5Hz increments 
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were used throughout in the initial detailed examination. 	For the 
subsequent tests with the accelerometers in the different positions the 
frequency was only increased to 20Hz as resonance was occurring below 
that level. In all cases, increments of 0.1Hz were employed to home in on 
the precise natural frequency. 
Each test took approximately 12 mins for the axisymmetric mode and 
approximately 10 mins for the symmetric mode and was performed at a 
mean ambient temperature of 15.5 ° C. 
5.3.6 Experimental results 
Typical variations in the amplitude ratio with excitation frequency are 
shown in Figs 5.13(a) & 5.13(b). 
Fig. 5.13(a) corresponds to the axisymmetric vibrations and in particular 
to the response obtained when the accelerometer was fixed to the apex of 
the prototype. This graph or 'response curve' shows that the maximum 
amplitude ratio, expressed in decibels, occurs at an excitation frequency of 
221.101-1z. Hence according to the simple extension to the Peak - Amplitude 
method of resonance testing, the natural frequency predicted from this 
response was 221.101-1z. 
Similarly Fig. 5.13(b) corresponds to the symmetric vibrations and in 
particular the response obtained from the accelerometer when attached to 
the prototype's maximum diameter. In this case the response predicts a 
maximum amplitude ratio and hence resonance at an excitation frequency of 
15.55Hz. 
The response curve from all the other measured points were analysed in 
the same manner and the natural frequency predicted from each of the 
sixteen locations for both vibrating modes are summarised in tables 5.5 and 
5.6. Several points on the prototype did not predict any resonance 
frequency and thus were considered to be the nodal points for that 
particular vibrating mode shape. These points are marked as 'np' in the 
table below. 
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Parallel 	meridian 1 meridian 2 meridian 3 	mean 
circle (Hz) 	(Hz) 	(Hz) 	(Hz) 
apex 220.0 - -- 220.0 
A 219.5 222.5 221.5 221.2 
B 221.0 222.5 221.0 221.5 
C np np np np 
0 222.0 222.5 221.0 221.8 
E 221.0 222.0 220.5 221.2 
Table 5.5 Natural frequency at the measured points 
- axisvmmetric mode (np = nodal point) 
Parallel meridian 1 meridian 2 meridian 3 
circle 	(Hz) 	(Hz) 	(Hz) 
apex 15.70 - - 
A 15.85 15.70 15.45 
B 15.55 np 15.40 
C 15.75 15.55 15.40 
D 15.55 15.55 15.30 
E 15.55 15.60 15.40 
Table 5.6 Natural frequency at the measured 
points - symmetric mode 
(np = nodal point) 
Typical response spectra of the prototype and the wooden base when 
excited at these frequencies are presented in Figs 5.14(a) & 5.14(b). 
The mode shapes corresponding to these natural frequencies were 
calculated from the ratios of the amplitude of the response at the sixteen 
measured points when the structure was resonating and the recorded nodal 
points and are shown in Figs 5.15(a) & 5.15(b). 
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5.3.7 Discussion of experimental results and comparison 
with numerical results 
The results tabulated in tables 5.5 & 5.6 indicate that the fundamental 
natural frequency of the prototype corresponds to a symmetric mode of 
vibration as shown in Fig. 5.15(a) and has an average value of 15.55Hz. 
Also, since no other symmetric mode was evident with a natural frequency 
less than 250Hz, then the second natural frequency corresponds to an 
axisymmetric mode of vibration as shown in Fig. 5.15(b) and has an average 
value of 221.10Hz. 
A comparison of 'these experimental frequencies with those obtained 
from the Mistry program is shown in table 5.7 below and a comparison of 
the mode shapes is presented in Fig. 5.15(a) & (b). 
mode 	F.E.M. 	Exp. 
	
(Hz) (Hz) 
symmetric 	66.77 	15.55 
axisymmetric 250.39 221.10 
Table 5.7 Comparison of numerical and 
experimental results 
Unfortunately, it was not possible to excite the first torsional mode of 
vibration with the available apparatus and hence no experimental value for 
the torsional natural frequency could be obtained. 
These comparisons show that although the mode shapes and natural 
frequencies for the axisymmetric mode agree well, a much greater 
discrepancy is evident in the results obtained for the symmetric mode. 
This difference in the results can be partly explained by a consideration 
of the boundary conditions at the shell - base connection. In* the finite 
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element model, the shell wall was assumed to be totally fixed to the base 
and have no degrees of freedom whereas in the actual prototype, total fixity 
at the base was not possible. 
Consequently, further finite element analyses were performed using the 
Mistry finite element program with different combinations of degrees of 
freedom at the base and the results obtained are summarised in table 5.8 
below. 
mode 	 degrees of freedom free at the base 
none 	u 	v 	w 	13 	v,.w,.8 
symmetric 	66.77 	7.72 	52.39 	50.28 	39.61 	39.76 
axisymmetric 250.39 1436.60 189.91 250.39 163.69 110.94 
Table 5.8 Effect of the fixity at the base on the natural frequencies 
of the prototype (frequencies in Hz) 
As can be seen from table 5.8, some of the natural frequencies of the 
Echinodome drop if total fixity at the support was not achieved. There is a 
considerable drop in the fundamental frequency if the axial degree of 
freedom (u) was free and this could well explain the low experimental value 
obtained. However this is very unlikely since at the same time it increases 
the first axisymmetric frequency by about 600% and this does not agree 
with the lower experimental value obtained. 
It is more likely that the experimental results were affected by a 
combination of the radial, circumferential and rotational degrees of freedom 
and in particular the rotational one. If in the construction of the prototype 
80% fixity had been achieved in all three degrees of freedom then, by 
interpolation, the fundamental frequency would have been reduced to 
62.37Hz and the first axisymmetric frequency to 222.50Hz. This modified 
value for the axisymmetric natural frequency agrees well with the 
experimental result but the same could not be said for the modified 
fundamental frequency which is still 400% higher than the experimental 
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value. 
It is worth noting, at this stage, that the experimental value for the 
fundamental frequency may have been influenced by the location of the 
applied excitation. Whereas for the axisymmetric load the excitation was 
applied in line with the centroid of the prototype via its base, see Fig. 5.9(a), 
for the symmetric vibrations the excitation was applied via an L-shaped 
configuration and was not in line with the centroid of the shell, see Fig. 
5.9(b). This may account for the slight difference in mode shape obtained 
for the symmetric vibrations, especially at the apex, and may have reduced 
the fundamental frequency. 
Also during the vibration tests, it was possible that the continuous 
oscillations, especially at excitation frequencies close to or at the natural 
frequencies, may have fatigued the araldite bond between the shell wall and 
the base reducing the level of fixation even further but the repeatability of 
results obtained throughout the testing indicated that this had not occurred. 
It is also important to note that the ambient temperature, which was 
carefully monitored throughout, increased by about 10 ° C during each series 
of tests and at the same time a decrease in the predicted natural 
frequencies and an increase in the temperature of the prototype was noted. 
Thus indicating some frequency and thermal effects on the dynamic 
characteristics of glass reinforced plastic, as has been observed by other 
73 researchers 	which may have influenced the results. 
With regard to the accuracy and reliability of the instrumentation 
employed, it is encouraging to note that other dynamic investigations have 
been undertaken using the same setup for a different structure and good 
results had been obtained The mass of the accelerometers were 
negligible compared with the prototype - approximately 2% of it and 
therefore would have had no effect on the vibrating modes. 
In general the outcome of this investigation is encouraging even though 
some discrepancy was to be expected between the results. The level of 
geometric imperfection, the circumferential variation in shell wall thickness 
and the presence of a seam bonding the two halves of the prototype 
together could not be accounted for in the finite element model and could 
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have easily affected the results. The orientation of the seam in relation to 
the excitation, in particular, may have had an effect on the symmetric mode 
of vibration, as the seam would be less stiff in shear than in 
torsion/compression. Apart from that it shows that the finite element 
method and in particular the Mistry finite element program can be used 
successfully to predict the natural frequencies and mode shapes of the 
Echinodome provided an accurate discretisation of the structure and the 
correct boundary conditions were used. 
5.4 	Summary and Conclusions 
This chapter was concerned with the determination of the natural 
frequencies and mode shapes of an Echinodome. 
Three different finite elements were employed in the numerical 
investigations to evaluate the axisymmetric, symmetric and torsional natural 
frequencies of a prototype and their corresponding mode shapes. Similar 
results were obtained from all three elements and indicated that the 
fundamental frequency corresponded to a non -axisymmetric, but symmetric, 
mode of vibration. The second natural frequency corresponded to an 
axisymmetric mode and the third to a torsional mode. 
On comparing the relative merits of each of the three elements, the 
Mistry finite element was recommended for use in design. 
Following this an experimental investigation was undertaken to obtain 
the first symmetric and first axisymmetric natural frequencies of the 
prototype. A simple extension of the Peak - Amplitude method of 
resonance testing was used and the results obtained agreed with the 
numerical ones in predicting a fundamental frequency corresponding to'ä 
symmetric mode and a second natural frequency corresponding to an 
axisymmetric mode. 
HenceXconfirmes the suitability of the finite element method and in 
particular the Mistry finite element program for determining the natural 
frequencies and mode shapes of a drop-shaped tank. 
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Fig. 5.8 Direction of excitation of prototype 
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(a) axisymmetric excitation 
(b) non-axisymmetric excitation 
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Fig. 5.10 Block diagram of instrumentation 
Fig. 5.11 Overall view of instrumentation 
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CHAPTER SIX 
DESIGN OF AN UNDERWATER OIL STORAGE TANK 
- STRUCTURAL FORM 
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6.1 	Introduction 
The work described in the previous chapters has been restricted to the 
examination of the behaviour of a small prototype which was built for the 
purpose of model testing in the laboratory. The results obtained were 
encouraging and gave some confidence to the use of the finite element 
method in the analysis of the Echinodome. 
In this and the next chapter, the findings and recommendations from 
this work on the prototype are used to design an underwater storage 
vessel. 
This present chapter is only concerned with the structural form of such 
a tank whilst the next chapter is concerned with the assessment of the 
loads likely to act on it during its life and its response to those loads. 
A structural form for the primary structure is first selected and a choice 
of materials for the walls of the vessel is made. The procedure for 
determining the meridional profile of the tank walls is then described and 
an initial check on the stability of the vessel is carried out. 
6.2 	Design brief 
An underwater drop-shaped tank for the storage of crude oil is designed 
in this chapter. The tank was to be fixed to the seabed at a position 57 0 
25'N and 0 0 20'E in the North Sea where the depth of water is 
approximately 80.0 metres. A storage capacity of approximately 45000m 3 of 
75 North Sea crude oil, with a specific gravity of 0.84 , was required. 
In the absence of a specific code of practice for the design of 
underwater structures, the guidance provided by BS 6235 76,  the code of 





A double skin arrangement was chosen for this design. The outer jacket 
being the primary structure and capable of resisting the external loads 
whilst the inner tank contains the stored liquid. An air gap of constant 
thickness separating both shells was provided and in order to ensure 
uniform stressing in the outer structural shell no connections were made 
between the-inner tank and outer jacket except at the base. 
A double walled structure was selected as opposed to a single walled 
one for safety purposes and to prevent contamination of the surrounding 
water should a leakage in the containment vessel occur. 
6 . 3 . 1 	Choice of materials 
In this configuration, the inner tank and outer jacket both fulfil different 
functions and operate in different environments. Consequently the choice 
of material for each shell was considered separately. 
6.3.1.1 Inner tank 
The inner tank operates inside the outer jacket and would thus not be 
exposed to the harsh marine environment. It would only be subjected to an 
internal hydrostatic pressure due to the liquid stored within it and would 
therefore be totally in tension. 
In this tensile state, it would be comparable with above-ground oil 
storage tanks and it should- be noted that drop-shaped oil storage tanks 
have been previously designed and constructed 23  These tanks were 
constructed of steel and proved to be very successful - one such tank was 
unintentionally subjected to a vacuum equal to nine times its design 
pressure without rupture. 
With this history in mind, steel was chosen as the material for the inner 
tank. 
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6.3.1.2 Outer jacket 
The outer jacket is the main protective enclosure and would be 
subjected directly to the severe marine environment throughout its working 
life. It should be capable of resisting the external hydrostatic loads and at 
the same time maintain a dry one atmosphere environment within it. 
Therefore the choice of material for the outer jacket requires careful 
attention. 
The two main materials for use in such underwater structures are 
concrete and steel, although in the recent years considerable attention has 
been directed towards the development of alloys with a high 
strength/weight ratio for such purposes. 
However, a fixed underwater tank requires little or no positive buoyancy 
and therefore materials with a low strength/weight ratio are beneficial. 
Concrete is such a material and its use for underwater structures has many 
inherent advantages. From a strength point of view, thicker walls are 
required for a concrete tank than for a steel one and hence the critical 
buckling pressure of a concrete tank would be higher. Needless to say 
the drop-shaped shell under hydrostatic pressure (at its design head) would 
be totally in compression as can be seen in tables 2.1 and 2.2 in chapter 2 
and the good compressive behaviour of concrete makes it an attractive 
proposition. 
Concrete also shows excellent durability when permanently submerged 
in seawater and hence fewer inspections and dry-dockings would be 
required during its operational life. 
As a result concrete was chosen in this design for the outer shell of the 
storage vessel. Its ability to be formed doubly curved makes it particularly 
suitable for the construction of a drop shaped tank and the fact that 
concrete has already been employed successfully in the construction of 
other similar offshore structures 10.79.80  was very encouraging. 
A high grade concrete with a characteristic strength of 60MN/m 2 was 
selected for the design of the outer jacket of the storage tank. 
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6.3.2 Shape prediction 
A procedure for predicting the profiles of the two walls in a double skin 
drop-shaped tank has been outlined previously 12 . That procedure was 
followed in this chapter to determine the shape of the outer jacket and 
inner tank of the storage vessel and a more detailed description of that 
method is reported in the next two sections. 
6.3.2.1 Profile of the outer jacket 
A range of wall thicknesses varying from 230mm to 250mm and a range 
of design stresses varying from 20MN/m 2 to 30MN/m 2 were considered for 
the outer jacket of the storage tank. A shape prediction program was 
employed to generate a series of design curves corresponding to the range 
of wall thicknesses and design stresses mentioned above. A flow diagram 
of this shape prediction program is given in appendix 1.2 and a typical set 
of such design curves, for a wall thickness of 240mm is shown in Fig. 6.1. 
From these design curves three profiles were selected for the outer 
jacket and their basic characteristics are summarised in table 6.2 on the 
next page. 
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thickness 	design 	design 	vol. of material 
of shell stress head required 
	
(mm) 	(MN/rn 2 ) 	 ( m) 	 (m 3 ) 
230 	 26 	 40 	 1440 
240 25 40 1520 
250 	 24 	 40 	 1590 
Table 6.2 Profiles of outer jacket 
Previous experimental work 18.26  indicated that a critical zone exists near 
the base of the shell where the effects of bending are significant and that 
buckling in this region was likely to be a criterion in design. 
As a result, a linear elastic buckling analysis was performed on the three 
profiles using the Mistry program and the resulting critical buckling 
pressure heads are tabulated in table 6.3 below. 
thickness 	elastic buckling 
of shell pressure head 
(mm) 	 (m) 
230 	 72.60 
240 79.39 
250 	 85.96 
Table 6.3 Linear elastic buckling pressure heads of 
outer jackets 
Unfortunately, these critical buckling pressure heads were very low. 
Higher buckling pressures would be required in order to achieve a 
reasonable factor of safety against buckling. Consequently, the critical 
zone, i.e. the bottom tenth of the shell, was strengthened by linearly 
increasing its thickness down its length from its initial uniform thickness, t, 
to a modified thickness, t', given by equation 6.1. 




The value of the constant k was varied from 1.0 to 2.25 and the 
corresponding critical buckling pressure was obtained for each case, see 
Fig. 6.2. 
This figure shows that a big increase in the buckling pressure is 
attainable by a relatively small increase in the value of k, for values of k 
between 1.0 and 2.0. The buckling pressure more than doubles within that 
range. However, the rate of increase of buckling pressure with respect to k 
decreases considerably for values of k greater than 2.2 
A value of k around 2.0 was considered adequate, providing an increase 
in the buckling pressure of approximately 2.5 in each case as shown in 
table 6.4 below. 
thickness 	 elastic buckling 
of shell k 	pressure head 
(mm) 	 (m) 
230 	 2.0 	 182.48 
240 2.0 200.18 
250 	 2.0 	 218.79 
Table 6.4 Linear elastic buckling pressure .head 
modified outer jackets 
This table indicates that any of the three profiles could be used safely in 
this design. 
However, tables 6.2 and 6.4 show that the higher the buckling pressure 
head, the more material is required for the shell wall, but on the other hand 
the lower the design stress. A shell with a wall thickness of 240mm and a 
design stress of 25MN/m 2 seemed to provide the best compromise and was 
the one chosen for this work. The bottom tenth of the wall was increased 
linearly to 500mm (k=2.08) in this particular case. 
A listing of the coordinates of the centreline profile of this shell was 
then obtained and is presented in appendix 6.1 
158 
6.3.2.2 Profile of inner tank 
The centreline profile of the inner tank is determined directly from the 
profile of the outer jacket as it is only dependent on the width of the air 
gap in between the two walls. 
An air gap of 1.0 m was considered adequate for maintenance purposes 
and services and was used in this design to obtain the coordinateS of the 
profile of the inner tank. 
Three different wall thicknesses were considered for this inner tank, 40mm, 
45mm and 50mm, and as buckling was expected to be a criterion in the 
design, a linear elastic buckling analysis of the hree alternatives was 
carried out. As for the outer jacket, the buckling pressure head of the tanks 
with uniform thickness were very low. In fact the tank would buckle under 
the weight of the liquid stored within it, see table 6.5. 
thickness 	 elastic buckling 
of shell pressure head 
(mm) 	 (m) 
40 	 12.9 
45 17.2 
50 	 22.2 
Table 6.5 Critical buckling pressure heads of inner tank 
Hence, it was also necessary to strengthen the critical zone by 
increasing its thickness linearly by a factor k. 
Further buckling analyses were carried out on these modified shapes 
with k ranging from 1.0 to 2.25 and the resulting variations in buckling 
pressure with k are shown in Fig. 6.3. 
In this case, the optimum value of k seemed to be around 1.75 and table 
6.6 below shows the buckling pressure heads for the three modified 
profiles. 
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thickness 	 elastic buckling 
	
of shell k 	pressure head 
(mm) 	 (m) 
40 1.75 35.2 
45 1.75 45.3 
50 1.75 58.9 
Table 6.6 Critical buckling pressure heads of modified 
inner tanks 
This table shows that the critical buckling pressure heads are still much 
lower than those for the concrete outer jacket but this was to be expected 
since the wall thickess/maximum diameter ratio for the outer jacket is 
greater than that for the steel tank. Nevertheless, in order to maximise the 
buckling pressure of the inner container, the 50mm shell was chosen for 
this work. The bottom tenth of the shell increasing linearly to 88mm 
(k=1.75). 
A listing of the coordinates of the centreline profile of this shell was 
subsequently obtained and is presented in appendix 6.2. 
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6 . 3 . 3 Dimensions of the double skin drop shaped tank 
A summary of the physical dimensions of the outer jacket, inner tank 
and base of the drop-shaped oil storage vessel is given below in tables 
6.7(a) and 6.7(b) below and a cross sectional elevation of the final design is 
shown in Fig. 6.4. 
LI 
outer jacket inner tank 
material grade 60 BS 1501-223 
concrete 81 steel 82 
thickness (mm) 240 50 
k 2.08 1.75 
height (m) 34.67 32.19 
maximum diameter (m) 52.02 49.54 
height/max. diameter 0.67 0.65 
surface area (m 2 ) 6342 6048 
cross sectional area (m 2 ) 1480 1322 
volume of material (m 3 ) 1606 295 
volume enclosed (m 3 ) 51968 44975 








Table 6.7(b) Dimensions of the base 
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6.4 	Summary 
This chapter was concerned with the initial stages of the design of an 
underwater oil storage vessel for the North Sea. 
A double skin drop-shaped tank with a concrete outer jacket and a steel 
inner tank was chosen for this work. 
The meridional centreline profile of both walls were determined using a 
shape prediction program. Then, after an initial check on the stability of the 
structure was made, the thicknesses of both shell walls were increased 
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Fig. 6.1(b) Design curve - volume enclosed v design head 
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Fig. 6.1(c) Design curve - material volume v design head 
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Fig. 6.3 Linear elastic buckling of inner steel tank 
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CHAPTER SEVEN 
DESIGN OF AN UNDERWATER OIL STORAGE TANK 




This chapter deals with the analysis of the underwater oil storage tank. 
proposed in the previous chapter under some of the important loadings 
expected during its construction, tow-out, installation and operational 
stages. 
An assessment of the different types and magnitudes of the loads 
expected on such a structure is carried out and the responses of the tank 
to those loads are examined. 
This is followed by an examination of the dynamical behaviour of the 
tank and a further check on the stability of the structure in the submarine 
environment. 
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7.2 	Structural analysis of the oil storage tank 
The analysis of the double skin drop shaped tank was performed using 
the finite element method and employed the particular finite element 
recommended earlier for each type of analysis, see table 7.1 below. 
Type of analysis 
Linear static stress analysis 
hydrostatic pressure 
other loads 




forced vibrations  
Recommended finite element 
Mistry ring element 
PAFEC 42130 
Mistry ring element 
Mistry ring element 
PAFEC 42130 
Table 7.1 Finite elements recommended for use in design 
The responses of both the inner containment vessel and the outer jacket 
were examined. The response of the concrete base was not considered to 
be as critical in this design and was therefore not included in this work. 
7.2.1 
	
Finite element idealisation 
The inner tank and outer jacket, see Fig. 6.4, were both divided into the 
same number of ring elements for the finite element analysis. A total of 
102 elements of approximately equal length were employed each time in 
order to obtain the overall response of the tank to the different loads 
expected. The use of more elements in the idealisation produced little 
differences in the results at the expense of a greater cpu time. The 
coordinates of these elements were obtained from the modified shape 
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5 
prediction program, see appendix 1.2, and are given in appendices 6.1 & 6.2. 
The physical characteristics of both shells were as shown in table 6.7(a) 
and the material characteristics employed are given in table 7.2 below. 
	
outer jacket 	inner tank 
Young's modulus (MN/m 2 ) 	30 X 10 
	
210 X 10 
Poisson's ratio 	 0.20 0.30 
Mass 	density (kg/m 3 ) 	 2400 
	
7860 
Table 7.2 Material characteristics of the double skin 
oil storage tank 
The degrees of freedom at the base of both shells were all fixed to 
simulate the 'built-in' condition that would exist in the actual tank and all 
those at the apex were free. 
The format of the data files for both the inner tank and outer jacket 
were very similar to those shown in appendices 2.1 . & 2.2 for the Mistry 
finite element and element 42130 in. PAFEC respectively. 
7.3 	Static 	stress analysis 
The first stage in the analysis was the static stress analysis of both the 
inner tank and outer jacket under the various loads expected during the 
lifetime of the structure, which can be classified as follows (BS 
6235:cl.3.3. 11 76 : 
(I) 	dead loads; 
live loads; 
hydrostatic loads; and 
environmental loads. 
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An assessment of these different categories of loads together with an 
examination of the responses of the st6rage tank to them are given in 
sections 7.3.1 to 7.3.4 respectively. 
7 . 3 . 1 	Dead loads 
The dead loads are the permanent static * loads which can only vary as a 
result of a major alteration on a structure [BS , 6235:cL3.3.2] 76. In this 
design, the only contribution was that due to the self weight of the 
structure and its base together with the weight of the ballast and 
permanent machinery stored within it. 
However, the ballast and machinery would be located within the 
concrete base and would therefore have no effect on the tank walls. But, 
on the other hand, the effect of the self weight of both shells must be 
considered. 
From table 6.7(a), the volume of the material required for the outer 
jacket of the storage tank is 1606 m 3 . Therefore, assuming an average 
mass density of 2400 kg/m 3  , for concrete, the mass of the shell is 3.85 X 
10 6kg. Similarly the volume of the inner tank is 295 m 3 and assuming a 
density of 7860 kg/m 3 for steel, the mass of the inner shell is 2.32 X 10 6 kg. 
An examination of the response of both tanks under their own weight 
was undertaken using the GRAVITY module in PAFEC and the results are 
presented in Figs 7.1 & 7.2. 
7.3.2 Imposed loads 
The imposed loads should include any load apart from dead loads, 
hydrostatic loads and environmental loads acting on a structure [BS 
6235:cI.3.3.3] 76. They can be either static or dynamic and can vary in 
magnitude and direction. 
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Therefore, the imposed loads considered in this design were: 
(I) 	the buoyancy load; and 
(ii) 	the thermal loads. 
7.3.2.1 Buoyancy loads 
A structure submerged in a liquid would be subjected to an upward 
force due to the volume of liquid displaced by it. In this case, the volume 
of sea water displaced by the shell structure is 53574 m 3 and the volume of 
sea water displaced by the base is 3267 m 3. Therefore the total mass of 
water displaced is 56841 X 1025 = 5.826 X lO 7kg. which is equivalent to a 
load of 571.5 MN. 
However this force would be taken up by the concrete base of the 
structure and therefore would not have an effect on the outer jacket or 
inner tank. 
7.3.2.2 Thermal loads 
The storage of hot crude oil at a temperature of 35°C 6  would produce 
a thermal differential across the walls of the vessel. This thermal load 
would be influenced by the air and sea temperatures around the location of 
the structure and hence an. indication of the maximum and minimum 
temperatures to be expected is necessary. 
The maximum air temperature for the U.K. sector of the North Sea, north 
of 54 0 N is 18 ° C and the minimum is -10 ° C [BS 6235:cl.2.9.1] 76 . Little 
information is available regarding the sea temperature at depth and in most 
cases the design sea surface temperatures can be used as the design 
temperature at all depths. The suggested design minimum temperature is 
-2 ° C and the design maximum temperature is 18 ° C [BS 6235:cI.2.9.3] 76 . 
The maximum thermal load would arise when the inner tank was full of 
crude oil at a temperature of +35°C 6  and the surrounding seawater was at 
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its minimum design temperature of -2 ° C. However, if a leakage occurred 
either from the inner steel tank or outer concrete jacket, then the 
temperature gradient of 37 ° C would exist across a single wall. This would 
produce a worse thermal load than that mentioned above and therefore 
must be considered in the design. 
The stress distributions induced as a result of this temperature 
differential were obtained using PAFEC and are shown in Figs 7.3 & 7.4 for 
the outer and inner tank respectively. 
7.3.3 Hydrostatic loads 
Hydrostatic loads act in a direction normal to the contact surface and 
can be either external or internal (i.e. axisymmetric pressure) [BS 
6235:cl.3.3.4] 76 . 
An underwater storage vessel would be subjected to two different 
hydrostatic loads 
external hydrostatic pressure; and 
the load due to the liquid stored within it. 
7.3.3.1 External hydrostatic pressure 
In the design of fixed underwater structures, the head of water above it 
is likely to exert the worst load expected on the structure and it is therefore 
important to determine the maximum water level expected during its 
working life. The depth of water at a specific location is always changing, 
as a result of tidal variations, even in calm conditions and hence an 
accurate assessment of the maximum tidal range and the maximum change 
in the water level due to wind and pressure induced storm surges needs to 




mean spring tide range 
maximum spring tide range 
50 year wind induced storm surge 
50 year pressure induced storm surge 
Mean water level (MWL) 
Maximum still water level (MSWL) 
77.Om 83 
2.Om 76 2.6 (Fig. 2.6) 
2.6m 76 2.6 
.0.5m 76 2.7.1 	(Fig. 2.7) 
0.6m 76 2.7.2 (Fig. 2.8) 
78.3m 
80.7m 
Table 7.3 Water levels at 57 0 25'N 0 ° 20'E 
This table shows that the mean spring tidal range is 2.Om and the mean 
water level is 78.3m, hence the depth of water at the required location is 
78.3 ± 1.0m. The height of the outer jacket is 34.67m (table 6.7(a)) and the 
height of the base is 3.63m (table 6.7(b)). Therefore the overall height of 
the structure above the seabed is 38.3m. This implies that under normal 
environmental conditions the head of water above the structure is 40.0 ± 
1.0m which is equal to the design head of the outer shell. Under extreme 
environmental conditions, this depth of water would be further increased by 
the design wave and the wind and pressure induced storm surges, see 
section 7.3.6. 
The pressure distribution due to this load case is shown in Fig. 7.5 and 
the resulting stress distributions on the outer jacket and the displaced 
shape are given in Figs 7.6(a) & 7.6(b). 
7.3.3.2 Loads due to stored liquid 
The storage vessel was to be operated full of liquid at all times, whether 
it be crude oil, sea water or a combination of both, with a rubber membrane 
separating the different liquids, in order to ensure maximum negative 
buoyancy.  
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The crude oil was to be stored at a pressure of 1.5 bar above ambient 
to facilitate the pumping to the surface and the resulting pressure 
distribution on the inner shell would be as shown in Fig. 7.7. It should be 
noted that this would be the worst load case. When the tank was full of 
sea water, it would be at ambient pressure and hence would be less critical 
than that due to the crude oil. 
The stresses induced on the inner tank by the pressure due to the crude 
oil are shown in Fig-7-8. 
7.3.4 Environmental loads 
This fourth category of loads includes all those loads imposed on the 
structure by the wind, sea, weather and other natural effects [BS 
6235:cl.3.3.5] 76. These loads are usually dynamic and random in nature. 
They can act in any direction and be of any magnitude. 
A probabilistic approach is normally followed to determine the most 
severe magnitudes of these loads and the resulting loads are specified in 
terms of a recurrence interval or return period. 
This return period is defined as the average length of time' in which, 
statistically, the magnitude of the load will be equalled or exceeded only 
once. The Department of Energy 84  recommends the use of a 50 year 
return period for the determination of the extreme environmental loads. 
For a structure, designed on the basis of this recommendation and with 
an expected lifetime of 30 years, the probability that the design loads will 
be exceeded during its lifetime is 0.45. Whereas a probability of 0.26 would 
be obtained if the structure had been designed to withstand environmental 
loads ona rturn period of 100 years 93 . 
However, a design based on the 100 year return period may well be 
over designed and uneconomical - the 100 year wave, for example, may 
never occur during its lifetime. Hence a compromise between acceptable 
n 
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risk that the design loads will be exceeded and the cost of repairing or 
strengthening the structure should be reached. 
In this design, the recommendation of the Department of Energy was 
followed and the tank, with an expected life of 30 years, was designed on 
the 50 year criterion. It should be noted, though, that the application of 
factors of safety in the design would ensure that even under the most 
severe load combinations, the structure should be able to withstand a load 
at least 20% greater than the 50 year design load [BS 6235:cl.3.2.2.1] 76 . 
The different types of environmental loads considered in this design 




 sea ice and icebergs; 
 marine growth; and 
 earthquakes. 
The first four types of environmental loads are discussed in sections 
7.3.4.1 to 7.4.4.4 respectively whereas the other two are discussed in the 
dynamic analysis section of this chapter, i.e. section 7.4. 
7.3.4.1 	Wind load during construction 
During the construction period and whilst waiting to be towed out to 
site, the structure could be subjected to loads due to the wind. It would be 
of extreme importance that the structure could withstand such loads safely 
so that it could commence its working life in good conditions. The 
economic cost of a structure failing before it started to. fulfil its design 
purpose could be very high. 
The pressure exerted by the wind at any point on the surface of a 
structure is given by [CP3:Chap.V:cl.4.3] 88 : 
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P = 1 /2  C p  P 
VS 	 (7.1) 
where C is the pressure coefficient, p is the density of air and V S  is the 
design wind speed. 
However, this pressure varies around the tank and its distribution is 
determined by the pattern of airflow over the surface of the structure. For 
an axisymmetric drop-shaped tank, the pressure distribution along a parallel 
circle would be dependent on e, the circumferential coordinate and the 
above equation becomes 
P(e) = 1 	C(e) p v 	 (7.2) 
This equation represents the load due to a steady wind but in practice, 
dynamic response to turbulent winds is also evident and needs to be taken 
into account. 
Hence a further modification needs to be included in the above equation 
to take account of the fluctuating wind forces arising from speed 
fluctuations of turbulent winds. This is achieved by multiplying the pressure 
by a dynamic gust factor, c, 85.86.87  resulting in equation 7.3 below. 
P(s) = ' /2 G C(e) p vs 2 	 (7.3) 
The next three sections deal with the determination of the design wind 
speed, the pressure distribution over the tank and the dynamic gust factor. 
Once these three variables have been determined an assessment of the 
magnitude of the load due to the wind can then be made. 
7.3.4.1.1 Design wind speed 
The construction of the storage tank is to take place in a dry dock in 
the Firth of Forth , where the maximum three second gust speed at a height 
of 10 metres above the ground with, a recurrence period of 50 years is 50 
rn/s 88 
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It should be noted, though, that the vessel is only likely to be out of the 
water and directly exposed to the wind for a short period of time and 
the probability that this wind speed is exceeded in a short period of time 
such as 1 year is only 2%. 
The corresponding mean hourly wind speed at a height of 10 metres 
above the ground with a recurrence period of 50 years is 50/1.5 = 33.34 
m/s, where 1.5 is the static gust factor 88 
7.3.4.1.2 Pressure distribution over the tank's surface 
In the absence of numerical or experimental data on the distribution of 
pressure across the surface of the Echinodome, the distribution of pressure 
across the surface of an equivalent sphere was considered. 
Considerable work has been done on the flow across spherical objects 
but most of the work has been based on sub-critical and super-critical 
flow. Unfortunately, Reynolds number for wind flow across the tank is 
rather high. 
i.e. 	 R e = Ud/\) = 50 X 43.37 / 1.51 X 10 	= 1.4 X 10 8 
where 	ü = mean velocity of flow 	= 50 rn/s 
d = average diameter of the tank 
= 	I ( 34.67+52.06) = 43.37 m 
= kinematic viscosity of air = 	1.51 X 10 5 m/s @ 20 ° C 
Thus the flow is transcritical and very little information is available on 
the pressure distribution for such flow. 
The potential flow theory 89  predicts a pressure distribution across 
spheres which is independent of Reynolds number. But various researchers 
have found that this was far from the truth. Experiments 90,91 have shown 
that separation takes place at different places along the surface depending 
on the velocity of flow and that the distribution was influenced by many 
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other factors such as turbulence and the roughness of the surface. The 
potential flow theory would result in an overdesigned structure as can be 
seen from the comparison of experimental and theoretical pressure 
distributions in Fig. 7.9. 
On the other hand, the Swiss code of practice 92,  the only existing code 
of practice providing guidance on the pressure distribution across spheres, 
recommends a distribution vyhich lies in-between the experimental and 
theoretical distributions, see Fig. 7.9. This seemed to provide the best 
compromise and was employed in this work. 
It should be noted that the pressure distributions in the Australian and 
American codes of practice are based on this Swiss code 92  and have stood 
the test of time. 
The meridional variation of the pressure on the surface of the 
Echinodome was assumed to vary according to the power law for the wind 
profile, see. ec1,uaEion (.$) e seq,.. 
7.3.4.1.3 Dynamic gust factor 
The dynamic response of the tank to the randomly varying wind loads 
imposed by the turbulent winds can be taken into account by the use of a 
dynamic 'gust factor', G. 
The British code of practice 88  to date, provides no guidance relating to 
such response but a number of simplified gust procedures for the 
assessment of the gust factor have been suggested for inclusion in the 
code. In this design three of these simplified procedures were considered, 
namely those proposed by Davenport 85  Vickery 86  and Kanda 87 
All these procedures are based on structures with a rectangular cross 
section but in the absence of any information based on other shapes these 
methods had to be used. The tank was thus assumed to have a rectangular 
cross section. A structural damping ratio of 2% was assumed for the outer 
concrete shell which has a predicted fundamental frequency of 2.2 Hz in air, 
see section 7.4.1. 
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The wind characteristics parameters were those proposed by Kanda 87 
for an open site. 
The results obtained from these methods are tabulated in table 7.4 
below. For a detailed description of the procedures the reader is referred 
to the published literature 85.86.87 
Method 	Gust Factor 
Davenport 	 2.16 
Vickery 	 2.00 
Kanda 2.01 
Table 7.4 Dynamic Gust Factor for the tank 
All three methods gave similar results for the dynamic gust factor as 
can be seen in the table above. Davenport's approach seems to be 
conservative but this can be attributed to the fact that it assumes some of 
the wind characteristic parameters and various other characteristics such as 
a dynamic drag coefficient equal to the static drag coefficient. The two 
other methods gave gust factors which were within 0.5% of each other. 
Both these methods allow the designer to make use of meteorological data 
available for a particular site and are more flexible to use than Davenport's 
approach. 
In this work, Kanda's method was used. Although based on Vickery's 
method, it allowed for more flexibility and the availability of a computer 
program RESPONSE 87  for determining the dynamic response (including the 
dynamic gust factor) of a structure to turbulent winds made it a very 
attractive proposition. Therefore, a value of 2.01 for the gust factor was 
employed in this design. 
A typical input file for use with the program RESPONSE and its 
corresponding output file is given in appendix 2.7. 
181 
7.3.4.1.4 Finite element analysis of wind loading 
Wind loading is a form of symmetric  loading and hence the 
recommended finite element for such loadings, i.e. element 42130 in PAFEC, 
was employed for this purpose. 
The pressure distribution recommended by the Swiss code 92  was first 
divided into a series of Fourier components as given by equation 7.4 below. 
C(8) 	= - 0.2 + 0.2035 cos 8 + 0.9513 cos 28 
+ 0.1374 cos 38 - 0.05 cos 48 
- 0.018 cos 58 	 (7.4) 
The numerical calculations involved in obtaining the above Fourier series 
are shown in appendix 5.2. 
The meridional variation in the wind load was idealised as shown in Fig. 
7.10. 
The velocity of the wind was evaluated from equation 7.5 at each of the 
five steps. 
U(Z) = (Z/H)' U(H) 
	
(7.5) 
where U(H) = SUm/s is the mean wind speed at a reference height; H = 
lOm is the reference height at which the mean wind speed is determined 
0(Z) is the wind speed at a height Z and a =0-15 is the power law exponent 
for the mean wind speed profile. 	 - 
On substituting all these values in Eq. 7.5 the following is obtained: 
0(Z) = 33.34 (Z/10) 015 
	
(7.6) 
Hence, from Eqs 7.3 & 7.6 the pressure at any height, Z, on the tank can 
be expressed as: 
P(e,Z) = 1 /2  G C(6) p V(Z) 2 
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i.e. 	 P(e,Z) = 1340 C(e) (Z/10) 
0.3 
	 (7.7) 
where the density of air, p. is 1.2 kg/m 3 
From equation 7.4, the maximum pressure would occur when e = 0. 
In which case C(e) = 1.02 and the meridional pressure distribution is given 
by: 
P(Z) = 1366.8 (Z/10) °3 	 (7.8) 
Further more equation 7.7 can be rewritten as 
P(e,Z) =1340 (Z110)03 I Am cos me 	 (7.9) 
This equation is in a form suitable for PAFEC and can be input as a 
pressure module in PAFEC. 
The results from the finite element analysis of the outer concrete jacket 
under this wind load are shown in Fig. 7.11. 
7.3.4.2 Wave loading 
The waves are likely to have a substantial influence on the design of an 
underwater structure. They will produce a dynamic load on the tank 
whether by increasing the head of water above it or by exerting a drag 
force and an inertia force on the structure as the wave crest moves over it. 
-- There are two basic methods for evaluating the load due to the 
wind-generated waves on a fixed offshore structure, the design wave 
method and the wave spectrum method 93  Both these methods are 
semi-empirical. Theoretical considerations are involved in the 
determination of the wave characteristics but empirical drag and inertia 
coefficients are required to predict the loads. 
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The deterministic design wave method is the one most often used in 
designing offshore structures and was the method used in this work. This 
static method has been found satisfactory in shallow and moderate depth 
and is hence well suited for the specific location considered in this design. 
7.3.4.2.1 The design wave 
The design wave is the wave that causes the worst loading on a 
structure. It is usually specified in terms of a wave height, direction and a 
range of possible periods. 
As for the wind loading, a return period of 50 years was used on the 
recommendation of the Department of Energy. For the location considered, 
the 50 year storm wave height for a fully developed storm lasting 12 hours 
is 28 metres [BS 6235: Fig.2.3] 76 with a corresponding wave period of 15 
seconds [BS 6235: Fig.2.4] 76 . 
However the maximum forces on large volume structures, such as 
storage tanks, are dependent on the wave period selected and the wave 
period corresponding to the maximum wave height might not produce the 
worse load. The Department of Energy therefore recommends the use of a 
range of wave periods up to a maximum of 20 seconds. As a result, the 
design wave used in this design had the characteristics listed below, 
Wave height, (H) 	 = 28 m 
Range of wave periods, (T) 	= 14 to 20 s 
Direction of wave 	 = any direction 
7.3.4.2.2 Wave Theories 
Numerous wave theories are available to model the wave profile and 
evaluate the wave particle velocities and accelerations. They range from a 
94 simple linear wave theory to complicated higher order theories 	Each 
theory is valid for a specific range of water depth, wave height and wave 
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period and Fig. A7.2 in appendix 7.2 shows the range of validity for various 
wave theories. 
For this particular design HIT2 ranges from 0.07 to 0.12 m/s 2 and dIT2 
ranges from 0.20 to 0.36 m/s 2 where d is the depth of water from the 
seabed to the mean still water level. Hence from Fig. A7.2 in appendix 7.2, 
Stokes 5th order wave theory is the best suited for this location. However, 
this theory involves the solution of a 5th order polynomial which requires 
the use of a computer and is time-consuming in terms of Cpu time. A 
quicker and more economical solution could be provided by the linear Airy 
theory and consequently the use of this theory was also examined in this 
work to determine whether it could be employed in the initial stages of 
design. 
An outline of these two theories can be found in appendix 7.1. 
7.3.4.2.3 Comparison of the two wave theories 
Two computer programs were written to determine the wave 
characteristics when using the linear theory (Airy) and the 5th order theory 
(Stokes) and a flow diagram of these programs can be seen in appendix 1.6. 
These programs were subsequently used to determine the characteristics of 
the design wave and the results obtained for two periods are compared in 
table 7.5 , with the difference between them expressed as a percentage of 
the Stokes 5th order theory values. 
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H= 28m T= 15s 	 H= 28m T=-20s 
Airy Stokes % 	Airy Stokes 	% 
Linear 5th 	duff Linear 5th duff 
d/L 0.25 0.235 +6.4 0.167 0.159 +5.0 
L (m) 322.5 343.9 -6.2 483.2 508.9 -5.1 
(m/s) 21.5 22.9 -6.1 . 	 24.6 25.5 -3.5 
U (m/s 2.89 2.92 -1.0 3.73 3.87 -3.6 
a (rn/s ) 1.21 1.18 -4.7 1.17 1.09 -12.0 
Table 7.5 Comparison of the two wave theories 
(where L= wave length; E = wave celerity; u = 
maximum wave particle velocity - horizontal 
component; and a = maximum wave particle 
acceleration - horizontal component) 
7.3.4.2.4 Wave induced forces 
The most commonly used approach for the calculation of the wave 
induced loads on a rigid structure is that proposed by Morison However, 
Morison's equation can only be used if the motion of the water particles is 
unaffected by the presence of the structure itself. Hence there is a limit to 
the size of structure for which this method is applicable. The generally 
accepted limit is 
OIL < 0.2 
	
(7.10) 
where D is the width of the structure 
In this case D = 52.06m and from table 7.5, the value of L which gives 
the highest ratio is L = 322.5m resulting in 
D/L = 52.06/322.5 = 0.16 
Thus Morison's equation was valid for use in this design. It should be 
noted that for larger structures the diffraction theory should be used 93 
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Morison's equation states that the total wave induced force on a 
submerged object can be expressed as the sum of the drag force due to 
the flow velocity and the inertia force due to the acceleration of the water 
flowing past the object. 
i.e. 	 F = F + Fd 
= C m  Vd U/dt  + 1 
	
p Aluu 
where Cm = coefficient of inertia; Cd = coefficient of drag; Vd = volume 
of fluid displaced; p = density of the fluid; A = cross sectional area of 
structure; u = horizontal water particle velocity; and du/dt = horizontal water 
particle acceleration. 
The horizontal water particle velocities and accelerations are obtained 
from the appropriate wave theory. 
7.3.4.2.5 Drag coefficient 
The drag coefficient is obtained from the consideration of Reynolds 
number. Reynolds number is in turn dependent on the velocity of the water 
particles and will thus vary down the meridian of the tank. However in this 
work, the maximum velocity, which occurs at the top of the tank, was used 
to determine Reynolds number and the drag coefficient. This drag 
coefficient was taken to be constant down the meridian of the tank. 
Again in the absence of any experimental work based on the flow past 
the Echinodome, an equivalent sphere was used in the evaluation of 
Reynolds number. 
From table 7.5 the maximum velocity is 3.87 m/s. Assuming an 
equivalent sphere of diameter 43.47m, then using a kinematic viscosity of 
sea water, v = 1.3 X 10 6m/s, Reynolds number, R e  = 1.3 X 108. 
Limited information is available on transcritical flow across a sphere, but 
experimental work carried out by Achenbach predicted a drag 
coefficient of 0.2 for this Reynolds number and this value was employed in 
this work. 
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7.3.4.2.6 Mass coefficient 
Similarly an equivalent sphere was used to determine the mass 
coefficient for the Echinodome. This mass coefficient is independent of the 
type of flow but is related to the added mass due to the amount of water 
moving with the structure. Experimental and theoretical work 96 predicts a 
value of C m  = 0.2 for a spherical object and this value was used in the 
design. 
7.3.4.2.7 Evaluation of the maximum wave-induced forces 
In order to obtain the wave-induced forces acting on the tank, the 
structure was divided down the meridian into a number of segments. The 
velocity and acceleration of the flow was determined at each segment and 
the corresponding elemental forces were evaluated. The total load on the 
tank was then determined by the summation of all these elemental forces. 
The two computer programs, mentioned earlier, were extended to 
deduce these forces. The total maximum drag and inertia loads on the 
structure were computed independently for the design wave using both 
theories and a comparison of the results obtained is shown below in table 
7.6 with percentage differences related to the Stokes values. 
Drag force 	 Inertia force 
Wave 
Period 	Airy Stokes duff 	Airy 	Stokes dift 
(s) MN 	 MN 	% 
1.003 0.994 +0.91 93.073 90.560 +2.77 
15 1.184 1.213 -2.39 94.702 92.888 +1.95 
16 1.418 1.426 -0.56 97.399 93.733 +3.91 
17 1.565 1.631 -4.05 96.434 93.423 +3.22 
18 1.754 1.827 -4.00 96.520 92.263 +4.51 
19 2.021 2.016 +0.24 98.240 90.491 +8.56 
20 2.049 2.195 -6.65 94.022 88.224 +6.57 
Table 7.6 Maximum wave-induced forces on the tank 
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The table above shows that the inertia loads were predominant and that 
the inertia forces predicted by the linear wave theory were higher than 
those obtained from the non-linear theory. 'let, the values obtained for the 
drag force from the linear theory were lower than those obtained from the 
non-linear theory. This suggests that, in cases such as this one where 
inertia loads predominate, the linear wave .theory could be used 
satisfactorily in the initial stages of desigi but the subsequent use of the 
non-linear wave theory would be essential to obtain a more accurate 
solution and avoid an overdesigned structure. 
It is interesting to note, nevertheless, that both theories agreed in 
predicting a maximum drag force for a wave with a period of 20s. But, 
whilst the linear theory predicted a maximum inertia load for a wave period 
of 19s the non-linear theory predicted a maximum load for a period of 16s. 
However, both these forces vary with time, according to the position of 
the wave with respect to the structure. Appendix 7.2 indicates that both 
forces are trigonometrical functions and are out of phase. Fig. 7.12 shows 
the variation of these forces with respect to time. 
As this figure suggests the peak force occurs at 
8(x-ët) = 90 0 
where 	'= 2/L and is entirely an inertia force. This implies that the 
maximum force leads the wave crest (or trough) by 900. 
A diagram showing this position of the wave with respect to the 
structure together with the meridional load distribution is given in Fig. 7.13 
for the design wave. 
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7.3.4.2.8 Finite element analysis of wave loading 
The wave loading is another form of symmetric but non axisymmetric 
load and hence a Fourier series is also required to describe the 
circumferential load distribution. Appendix 5.3 shows that the required 
Fourier series is 
	
P(6) 	= 0.5 - 0.6366 cos e + 0.2122 cos 3 
- 0.1273 cos 5 + 0.0909 cos 7 
- 0.0707 cos e 	 (7.11) 
where e is the circumferential coordinate measured from the upstream 
point. 
The meridional load distribution shown in Fig 7.13 is input as a toad 
module in PAFEC and is applied at each of the three ring nodes of the three 
noded thin shell of revolution element. 
The stress distributions induced by the design wave both with a period 
of 16s and 20s using the non-linear Stokes theory are given in Figs 7.14 & 
7.15. 
7.3.4.3 	Current loading 
The presence of a current may alter the propagation of the waves or 
even change the wave profile. However, the most significant contribution 
due to the current with respect to submerged structures is the drag force it 
will exert on the structure. 
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7.3.4.3.1 Design current velocity 
The maximum current velocity to be used in design should take account 
of the tidal current and wind generated current. The maximum tidal current 
for the location considered is 0.375 rn/s [BS 6235:Fig. 2.5176  and during 
strong sustained winds this velocity can be increased by 0.51 rn/s. The 
resulting design current current is therefore 0.89 rn/s. However most 
offshore structures in the North Sea are designed to vithstand a maximum 
current of 1.5 rn/s 98  and hence in this design also this maximum current 
velocity was considered. 
7.3.4.3.2 Effect of the current on the wave height 
The current can increase or decrease the wave height depending on 
whether it is opposing or following the wave. The modified wave height in 
a current can be obtained from the following equation 84: 
= 	 2 	 (7.12) 
H 	1 + 4U/E, + /(1 + 4U/) 
where H = wave height in still water; H C  = wave height in a current; E = 
wave celerity in still water; and U = current velocity ( +ve if following the 
wave and -ye if opposing) 
This equation was used to determine the wave height of the range of 
design waves in a current and the results are given in table 7.7. 
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Wave Height (m) 
current vel. = 0.89m/s current vel. = 1.5 rn/s 
Wave 
period Linear Non-linear Linear Non-linear 
(s) Foil. Opp. Foil. Opp. Foil. Opp. Foil. Opp. 
14 26.38 30.02 26.47 29.88 25.42 31.75 25.58 31.46 
15 26.43 29.93 26.52 29.82 25.51 31.61 25.64 31.33 
16 26.49 29.85 26.55 29.76 25.59 31.42 25.70 31.22 
17 26.51 29.82 26.58 29.71 25.63 31.35 25.74 31.13 
18 26.54 29.79 26.61 29.68 25.68 31.26 25.78 31.06 
19 26.59 29.71 26.63 29.65 25.75 31.11 25.82 30.99 
20 26.59 29.71 26.65 29.62 25.75 31.12 25.85 30.94 
Table 7.7 	Modified wave height in the design current 
using both linear and non-linear wave theory 
This would result in a slight increase or decrease in the hydrostatic 
pressure due to the passage of the wave over the tank, depending on 
whether the current is opposing the wave or following the wave 
respectively. 
7.3.4.3.3 Current drag 
The current will exert a constant drag force on the structure. In the 
absence of waves, this current drag can be evaluated straight from the 
vortex flow component of Morison's equation: 
i.e. 	Fd = 	'2 p Cd A UU 
Since little information is available regarding the variation of the current 
with depth, the surface current was assumed to be constant all thq way 
down to the seabed. 
Following the same principle as for the wave induced drag force, the 
total load on the tank was calculated. This was found to be 0.1212 MN for 
the design current and 0.3443MN for a current with a velocity of 1.5m/s. 
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7.3.4.3.4 Combined current and wave drag 
The most common way of dealing with the combined current and wave 
drag is by summing vectorially the wave and current induced water particle 
velocity and by subsequently employing Morison's equation to determine 
the total force. This was done using - the two programs mentioned 
previously and the results are shown in the table below for the different 
wave and current combinations. It should be noted that this table shows 
the maximum load which occurs when the current is following the wave. 
When the current is opposing the waves, the combined water particle 
velocity would be lower and the resulting drag force would also be smaller. 
Drag force (MN) 
Linear Non-linear 
wave 
period current current 
(s) 0.89m/s 1.5m/s 0.89m/s 1.5m/s 
14 1.819 2.518 1.807 2.505 
15 2.054 2.794 2.099 2.847 
16 2.367 3.158 2.378 3.170 
17 2.557 3.376 2.641 3.473 
18 2.797 3.652 2.889 3.757 
19 3.131 4.032 3.125 4.025 
20 3.167 4.073 3.347 4.277 
Table 7.8 Maximum current and wave induced drag force 
using both linear and non-linear wave theories 
7.3.4.3.5 Finite element analysis of current drag 
The finite element analysis of the current drag is carried out in the same 
manner as for the wave load and has been described previously in spction 
7.3.4.2.8. The resulting stress distributions on the outer jacket induced by 
the design current and maximum current are shown in Figs 7.16 & 7.17. 
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7.3.4.4 Sea ice and icebergs 
Sea ice only forms along the coastline of the North Sea [BS 
6235:cl.2.11] 76, and only in the most severe conditions. Therefore it would 
not be a problem around the location of the structure. 
Similarly, icebergs would not cause any concern since the area under 
99 consideration is well away from the iceberg plough lines . 
7.3.5 Loads during normal operating conditions 
The analyses carried out in the previous sections have shown that the 
greatest load on the outer jacket during normal operating conditions was 
the hydrostatic load. This is encouraging since the design of the drop 
shaped outer jacket was based on a hydrostatic pressure head and 
therefore supports the use of such a structure in the submarine 
environment. 
Fig. 7.6(a) shows the membrane forces and stresses induced on the 
outer shell by a depth of water corresponding to the mean sea water level, 
i.e. the design head. As expected, the stresses induced were all 
compressive and remained uniform and equal to 25MN/m 2 (the design 
stress) over most of the structure except near the base. 
In this critical zone near the base, there was a considerable variation in 
stress but no tension was evident. The maximum induced stress was 
meridional and equal to 30.61VIN/m 2 , which provided a factor of safety of 
approximately 2 with respect to the characteristic strength of the concrete 
selected. 
The displaced shape under this load is given in Fig. 7.6(b) and shows 
that not much deformation was evident except in the critical zone. 
During normal environmental conditions this level of water would be 
expected to change by ± im with the tide but this change would make little 
difference on the stressing of the shell. 
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The loads due to the 50 year return wave and the maximum current 
were small compared with this hydrostatic load, see tables 7.6 & 7.8, and 
from that it is reasonable to assume that any wave or current loading 
experienced during normal environmental conditions would be insignificant 
and could be neglected. 
With regards to the inner tank during normal operating conditions the 
stresses induced by the crude oil and the thermal differential across its wall 
are shown in Figs 7.4 & 7.8. 
These figures show that over most of the tank the maximum stresses 
were induced as a result of the internal pressure and were tensile. The 
meridional stresses were uniform at around I60MN/m 2 and the 
circumferential stresses started off at a maximum of 165MN/m 2 at the apex 
and then decreased gradually down the meridian; hence providing a factor 
of safety of at least 3 with respect to the ultimate tensile strength of the 
steel i.e. 490MN/m2 82 
However, in the critical zone near the base, the stresses induced are of 
the same order as that of the ultimate tensile strength of the material and 
hence a steel with the maximum ultimate tensile strength of 61OMN/m2 82 
would be essential in this region. 
The effect of the thermal loading on the inner tank was small compared 
to this internal pressure loading and hence should not cause any problems 
to the inner tank. 
7 . 3 . 6 Loads during extreme environmental conditions 
The design of underwater structures, such as this storage tank is 
governed mainly by the severe environmental loadings that can be exerted 
on it as a result of extreme storm conditions at the surface. 
Section 7.3.4.2 indicated that waves not only exert a drag and an inertia 
force on a structure but also increase the head of water above it as the 
wave crest moves over it. The maximum drag force and inertia force due 
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to the design wave were small compared with the hydrostatic load applied 
as it moves over the structure. The former, in particular, could be 
neglected safely since the stresses induced by it were less than 2% of the 
design stress, see Figs 7.14(b) & 7.15(b) whilst on the other hand the inertia 
loads induced stresses in the critical zone which were close to the design 
stress, see Figs 7.14(a) & 7.15(a) and hence cannot be ignored. However 
the worst condition would arise as a result of the increase in head of water 
above the structure as the crest of the wave passes over the tank and more 
so if the current at that time was opposing the wave. 
Consequently the worst load combination on the outer jacket due to 
severe environmental conditions was considered to occur when the 
maximum current of 1.5m/s was opposing the design wave with a period of 
14s, resulting in a wave height of 31.46m (see table 7.7) and the crest of 
this wave was directly above the centreline of the tank. In addition to this 
the tide was assumed to be at its highest (i.e. mean high water spring) and 
coincided with the maximum 50 year wind and pressure induced surges, as 
shown in table 7.3. This would result in a hydrostatic load due to a head of 
water equal to 58.1m and the membrane forces and stresses induced under 
this load are shown in Fig. 7.18(a). 
This figure shows that over most of the structure, the meridional surface 
stresses were compressive and approximately uniform around 36MN/m 2 
Whilst the circumferential surface stresses, which also were compressive, 
started off at the apex with a maximum stress of 36MN/m 2 and gradually 
decreased down the meridian. Although these stresses were above the 
design stress, they provided a factor of safety of 1.67 with respect to the 
characteristic strength of the concrete and hence is acceptable in order to 
ensure the integrity of the structure during extreme environmental 
conditions. 
However, within the critical zone the meridional surface stresses were of 
the order of the characteristic strength and thus a higher grade concrete 
would be required. A concrete with a characteristic strength of 80MN/m 2 
would give a factor of safety of approximately 1.2 and this would suffice to 
ensure the safety of the structure. 
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Also in this region, there were significant tensile stresses induced and 
hence some prestressing would be required to counteract it 100 
With regards to the maximum inertia load due to the design wave, this 
would only arise when the centreline of the tank was directly below the 
midpoint between the wave crest and the trough, see Fig. 7.13. In this case 
there is no increase in the hydrostatic load acting on the structure as a 
result of the wave. 
Nonetheless, assuming that the sea water level was at its highest, as in 
the previous case, and that the maximum current was flowing then the 
resulting membrane forces and stresses were as shown in Fig. 7.18(b). 
This figure shows that this load case was not as critical as the one 
examined above and therefore could be withstood safely by the outer jacket 
with the modified critical zone. 
7.3.7 Loads prior to launching 
• On completion and prior to the initial floatation the structure would be 
subjected to a dead load due to its self weight and wind loading. 
Fig. 7.11 shows the maximum stress distribution on the outer jacket as a 
result of the wind loading and indicates that the stresses were all less than 
1MN/m 2 , i.e. 4% of the design stress and hence could be neglected safely. 
On the other hand the effect of the self weight on both the outer jacket 
and inner tank were a bit more critical especially within the critical zone. 
Figs 7.1 & 7.2 indicate that there was considerable bending in the critical 
zone of the outer jacket and inner tank respectively under their own weight. 
However, all the stresses were below the design stress and therefore 
should not present any problems. Although it is important to note that 
some tension was evident in the critical zone of the outer jacket and the 
prestressing required in the previous section also would be beneficial for 
this load case. 
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7.3.8 	Loads during initial floatation 
In order to avoid excessive loads on the structure during the launching 
process, the usual method of initial floatation for large sea structures would 
be followed 101 . 
The inner tank would first be filled slowly with sea water to a 
predetermined level so as to enable the vessel to float with its maximum 
diameter at sea level. This level was determined by the consideration of 
Archimedes principle and was found to be 1.4m. Thus part of the inner tank 
would be subjected to a small hydrostatic pressure due to this amount of 
water contained within it. 
Once the inner tank had been filled to the required level, the dry dock in 
which the structure had been constructed would be flooded so as to lift the 
vessel off the bottom of the ground. The sea water would be admitted into 
the dock slowly and at a constant rate to avoid any sudden loads on the 
structure. At the same time air would be admitted into the air gap in 
between the two walls to maintain the air pressure at atmospheric pressure. 
On completion of the flooding, the tank would be floating with the 
submerged section of the outer jacket subjected to a hydrostatic pressure. 
It should be noted that the level of water in the dock would be such that in 
the event of a low tide, the base of the structure would still be floating 
clear of the bottom. 
7.3.9 Loads during the tow-out 
The tow-out would only be undertaken when the long term weather 
forecast was favourable and preferably during the months of July and 
August when gales were infrequent, occurring only 2% of the time 84  and 
there were no dangers of collision with sea ice and icebergs. A suitable 
tow route should be chosen to take account of the size of the structure, 
direction of tidal streams and navigational hazards. 
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During tow-out in calm conditions, the structure would continue to be 
subjected to the hydrostatic pressures mentioned in the previous section. 
However, an extra load case must be considered, i.e the load due to the 
towing wires, which would be distributed into the shell by means of local 
thickening of the outer jacket around the point of attachment. 
• 	 A towing configuration suitable for towing out large structures drop- 
shaped structures was proposed previously 12  (see Fig. 9 in appendix 8.1). 
In these calm conditions any loads due to the waves, wind, sea spray 
etc. would be minimal and were not considered in this design. 
Nonetheless the possibilities of a sudden change in environmental 
conditions cannot be ignored, even in periods of calm weather. To this end 
it was envisaged that in such deteriorating environmental conditions the 
structure would be temporarily submerged to a depth less than or equal to 
its design head in order to override the storm. 
This would be achieved by introducing more seawater into the inner 
tank. Hence the inner tank would be subjected to an. increased hydrostatic 
pressure depending on the level of water within it. The hydrostatic loads 
on the outer jacket would also be increased according to the submerged 
depth. 
However, these loading conditions would be equal to or less than those 
described in sections 7.3.3 and 7.3.4 and therefore would not be critical. It 
should be noted that in this configuration, the towing wires would not be 
taking any loads since the structure would be neutrally buoyant and can 
therefore be safely neglected. 
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7.3.10 Loads during installation 
On reaching the required location, the structure would be lowered 
slowly onto the seabed, see Fig. 7.19. This lowering would be achieved by 
introducing sea water into the inner tank and would take approximately 2 
hours. 
The structure would be neutrally buoyant at all times rn order to ensure 
a controlled descent to the seabed and hence no load would be taken by 
the towing wires. During the installation, the towing wires and tugs would 
only be used for positioning the vessel at the correct location. 
The only loads experienced during this stage would be the increased 
hydrostatic load in the inner tank due to the water contained within it and 
the load on the outer jacket due to the head of water above it. Again both 
these hydrostatic loads would be less critical than that examined in section 
7.3.3. and will not be considered here. 
74 	Dynamic analysis 
The second stage in the analysis of the oil storage tank was the 
examination of its dynamic behaviour both in air and in the submarine 
environment. 
This dynamic behaviour is dependent to a great extent on the natural 
frequencies of the structure. If its fundamental frequency was greater than 
the frequencies of the environmental forces then the dynamic amplification 
of those loads would be small. However, if one of the natural frequencies 
of the structure coincided with the frequency of an environmental load then 
resonance could occur together with a significant dynamic amplification of 
that load. 
Hence the first step in this dynamic analysis was the determination of 
the natural frequencies of the drop-shaped tank. 
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7.4.1 	Free vibration analysis 
The natural frequencies of both the inner tank and the outer jacket in air 
were calculated using the Mistry program and the results are tabulated in 
tables 7.9 & 7.10 below. 
Meridional 	 Circumferential Modes 	Torsional 
Modes (n) 	 Mode 
(m) 	 0 	1 	2 3 	4 	(n=0) 
1 4.43 2.20 18.99 19.97 20.76 13.68 
2 16.41 13.61 19.32 20.79 21.69 41.74 
3 18.18 18.00 19.96 21.61 22.63 64.14 
4 18.97 18.84 20.62 22.36 23.51 85.32 
5 19.69 19.55 21.17 22.87 24.25 105.85 
Table 7.9 Natural frequencies (Hz) of the outer jacket 
Meridional Circumferential Modes Torsional 
Modes (n) Mode 
(m) 0 1 2 3 4 (n=0) 
1 64.58 2.36 27.34 28.84 29.30 21.65 
2 23.25 19.69 28.22 29.35 29.87 63.12 
3 25.54 25.34 28.38 29.86 30.44 96.82 
4 27.30 27.12 28.77 29.98 30.94 128.83 
5 27.93 27.93 29.16 30.35 31.73 160.09 
Table 7.10 Natural frequencies (Hz) of the inner tank 
It is interesting to note that the natural frequencies obtained for both 
the inner tank and outer jacket followed the same pattern as those obtained 
for the prototype in chapter 5. The fundamental frequency corresponding to 
a symmetric translational mode as shown in Fig. 5.2(a) and the second 
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natural frequency corresponding to an axisymmetric mode as shown in Fig. 
5.1(a). 
However these natural frequencies were only for the tanks in air. When 
submerged the effects of two other factors such as the added mass of 
water and the marine growth on the outer jacket has to be taken into 
account. 
7.4.1.1 Effect of added mass on the natural frequencies 
The added mass is the amount of water that becomes entrained and 
moves with a structure oscillating in the marine environment. This mass of 
entrained water is dependent on the geometrical shape of the structure and 
is difficult to calculate. 
In this work, and in the absence of any information regarding the added 
mass for the drop-shaped shell, the added mass of an equivalent sphere 
enclosing the same volume was considered. 
The entrained mass of water for a sphere is given by 96: 
Mam 	= 0.5 X M 
where M is the mass of the volume of water displaced by the sphere. 
Hence the added mass for the tank is 
M am 	= 0.5 p Vd 	 (7.13) 
Mam 	= 0.274 
X ,  108 kg 
where p = 1025 kg/m 3  is the density of sea water and Vd = 53490m 3 is 
the volume of water displaced by the tank. 
The total effective mass of the outer jacket therefore becomes: 
Meff 	= Mass of outer jacket + Added mass 
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M e ff 	= 0.385 X 1O 7 + 2.74 X 10 
7 
Meff 	= 3.125 X 
107 
This effective mass was then used to determine the natural frequencies 
of the outer jacket. As an approximation, an equivalent density was used in 
the Mistry program in order to increase the mass of the outer jacket 
without increasing its stiffness and the results of the finite element analysis 
are shown in table 7.11 below. 
Meridional 	 Circumferential Modes 	Torsional 
Modes (n) 	 Mode 
(m) 	 0 	1 	2 3 	4 	(n=0) 
1 1.52 0.76 6.52 6.86 7.13 4.70 
2 5.63 4.67 6.63 7.14 7.45 14.33 
3 6.24 6.18 6.85 7.42 7.77 22.02 
4 6.51 6.47 7.08 7.67 8.07 29.29 
5 6.76 6.71 7.27 7.85 8.32 36.34 
Table 7.11 Natural frequencies (Hz) of the outer jacket 
with the added mass of water 
It should be noted that these values for the natural frequencies are likely 
to be low because of the approximations employed and thus any further 
analysis based on these values would be on the conservative side. 
7.4.1.2 	Effect of marine growth on the natural frequencies 
After a structure has been underwater for a while, there would be a 
build up of marine growth producing an increase in mass without any 
significant change in stiffness. It is therefore necessary to predict the 
amount of marine growth, as an increase in mass would cause a further 
reduction in the fundamental frequency of the structure. The marine growth 
on a structure, submerged at a depth 30m below the mean water level or 
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greater, accounts for an extra mass of 80kg per unit surface area 	and 
this corresponded to a total mass due to fouling of 80 X 6342 = 0.51 X 10 6 
kg in this particular case. 
The increase in geometric dimensions due to this growth would also 
produce a corresponding increase in the added mass of water moving with 
the structure and the effect of this increase needs to be considered. Thus 
assuming a total depth of growth equal to 100mm throughout the outer 
jacket, then the total volume of water displaced by the storage tank and the 
marine growth would be 54124m 3 and from Eq. 7.13 this would correspond 
to an added mass of 0.275 X 108  kg. 
The effective mass of the outer jacket therefore would be the sum of 
the added mass of water, the mass of the marine growth and its actual 
mass totalling 3.19 X 10 kg. 
As in the previous section, a finite element analysis was carried out 
using this effective mass in order to taken into account the marine growth 
and the results obtained are shown below. 
Meridional 	 Circumferential Modes 	Torsional 
Modes (n) 	 Mode 
(m) 	 0 	1 	2 3 	4 	Mode 
1 1.50 0.74 6.42 6.75 7.02 4.63 
2 5.55 4.60 6.53 7.03 7.34 14.11 
3 6.15 6.09 6.75 7.31 7.65 21.69 
4 6.42 6.37 6.97 7.56 7.95 28.85 
5 6.66 6.61 7.16 7.73 8.20 35.79 
Table 7.12 Natural frequencies (Hz) of the outer jacket 
together with the added mass and marine growth 
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7.4.2 Dynamic response 
The previous section has shown that the fundamental frequency of the 
outer jacket, which is the part of the structure withstanding the 
environmental loads, was 2.20 Hz when in air and would reduce to 0.74 
when submerged and the effects of the marine growth were evident. In 
this section the dynamic response of the outer jacket to the wave forces is 
examined and a brief assessment of the seismic loads expected is 
presented. 
7.4.2.1 	Wave loading 
As mentioned earlier in this thesis, the waves are likely to exert the 
most critical dynamic load on a structure operating in the submarine 
environment. It is therefore important to consider the dynamic effect of the 
waves on the drop-shaped tank. 
In section 7.3.4.2.1, the design wave chosen for this work had a range of 
wave periods ranging from 14 to 20s, corresponding to excitation 
frequencies in the range 0.05 to 0.07 Hz. Hence the ratio of the excitation 
frequency to the fundamental frequency of the outer jacket , i.e. the 
frequency ratio, Q, was between 0.09 5 to 0.067. 
The wave force amplification due to this frequency ratio is given by the 
magnification factor, Q, which is given by 
1 
E(1—c2 2 ) 2 + (2Q) 2 1 1"2 
where 	is the damping ratio. 
Now, Q would be a maximum when E=0 and thus substituting for Q, the 
maximum magnification factor becomes 1.0091 
This value for the magnification factor indicates that there is negligible 
such 
force amplification and that a static analysisLas  that carried out in section 
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7.3.4 would suffice in this design 93.100 
Also, it could be noted that based on the recommendations of the 
American Concrete Institute 102  and other publications 93.100, a dynamic 
analysis was required only if the fundamental frequency of the marine 
structure is less than MHz. 
7.4.2.2 	Seismic loading 
Earthquake resistant design is very important in regions where seismic 
effects may cause structural damage to the structure. 
However due to the low probability of earthquakes occurring in the seas 
around Great Britain, BS 6235 cl.3.3.5.10 76  statesthat seismic loading need 
not generally be considered and as a result was not examined in this thesis. 
Nonetheless recommendations have been made 103  on the 100 year 
ground motion for use in the design of structures for the North Sea and 
future work on the drop shaped-tank could examine its behaviour under that 
dynamic load. 
A 100 year design peak ground acceleration of 1m/s 2 is recommended 
and the corresponding response spectrum is shown in Fig. 7.20. 
1.5 	Buckling analysis 
In the preceding chapter an initial check was made on the stability of 
both the inner tank and outer jacket. However this check was based on a 
linear buckling analysis in order to obtain a quick and approximate 
indication as to whether buckling would be a criterion in design. 
A better indication of the buckling pressure head of both shells could be 
obtained from a non-linear buckling analysis which took into account the 
change in geometry of the structure as it was loaded. To this end 
non-linear buckling analyses were performed and the results showed that 
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the critical buckling pressure head for the outer jacket was 246m and that 
for the inner tank was 80m. Both corresponding to axisymmetric collapse. 
Under extreme environmental conditions the head of water above the 
outer jacket could be expected to increase to 58.1m, see section 7.3.6, and 
hence the factor of safety against buckling would be 4.2. Whereas, the 
maximum pressure expected on the inner tank could be equivalent to a 
pressure head at the apex of 56.24m, see section 7.3.3.2, and hence a factor 
of safety against buckling of 1.4 would be obtained. 
These factors of safety were considered to be adequate for this design. 
1.6 	Discussion 
The examination carried out in this chapter has covered all the 
important loads that could arise during the life of the structure. However, 
other unexpected or accidental loads might occur and further work is 
necessary to identify and determine the magnitude of such loads. It is 
important that this type of structure does not fail catastrophically in such 
an event and a check would be made on the design so that the structure 
would be capable of absorbing most of the energy from these loads, even if 
there were considerable local damage. 
In this design it is intended that the outer jacket would take all the load 
and that the inner tank would remain intact, thus avoiding a major oil 
spillage. Consequently, the response of the outer jacket to those loads 
such as impact by a submersible , should be examined in future work on 
this design. 
The internal pressure that could be expected on the outer jacket if the 
inner tank leaked would be balanced out by the external hydrostatic 
pressure and hence no problems would be expected with regard to oil 
spillage in this event. Also, with respect to the thermal loading arising as a 
result of this leakage, Fig. 7.3 shows that the maximum stresses induced 
would be below the design stress of the outer jacket and therefore would 
not be a cause for concern. The same would be the case if the outer jacket 
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leaked since the external pressure on the inner tank would balance out 
some of the internal pressure due to the crude oil and the thermal stresses, 
see Fig. 7.4, would all be well below the ultimate tensile strength of the 
material. 
Also this assessment has not considered the fact that during the 
tow-out and installation, the structure would behave as a semi-submersible 
and dynamic loads would be present. In this work it was assumed that 
these loads would be negligible compared with those arising during the 
structure's operational life and thus were not considered. Nonetheless it is 
necessary that any future work on the tank examines these dynamic effects 
in some detail. 
It should be noted, though, that this analysis has not taken into account 
any openings in the structure for pipeline connections. However the effect 
of a im hole at the apex of the outer jacket as shown in Fig. 6.4 has been 
examined briefly and the results show that the difference in the overall 
behaviour of the structure was negligible. The membrane forces and 
stresses under the design head are shown in Fig. 7.21 which compares 
favourably with those shown in Fig. 7.5. - 
The non-linear buckling pressure head was reduced by 5% to 234m of 
water providing a factor of safety of just over 4 but the fundamental 
frequency of the shell in air did not change. 
In general this analysis has shown that the greatest loads were due to 
the hydrostatic pressure and this is very encouraging since the drop-shaped 
shell is the optimum form for a structure subjected to hydrostatic pressure 
17,18,26 
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7.7 	Summary and Conclusions 
This chapter has dealt with the structural analysis of the underwater oil 
storage tank proposed in chapter 6. 
An assessment was made of the different types of load which might be 
expected on the structure during its construction, tow-out, installation and 
operational .stages and the responses of the structure to those loads were 
examined. This examination showed that the main loading was that due to 
hydrostatic loads and that the other loads, including the environmental 
loads, were rather low compared with them. However a higher strength 
concrete and some prestressing would be essential in the critical zone of 
the outer jacket and a higher strength steel would be required in the critical 
zone of the inner tank. 
Then free vibration analyses of both the inner tank and outer jacket 
were, carried out and the dynamic responses of the latter to wave loading 
was investigated. Negligible force amplification was predicted indicating 
that a static analysis would suffice in this design. 
Following this non-linear buckling analyses were carried out and the 
results predicted adequate factors of safety against buckling. 
Finally, other loadings were considered and recommendations were 
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Fig. 7.2 Stress distribution in the 
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Fig. 7.7 Pressure distribution on the inner tank due 
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Fig. 7.12 Variation of wave force with time 
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Fig. 7.15(b) Stress distribution In 
the outer jacket due to 
wave loading (T20s) 
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Fig. 7.16 Stress distribution in the 
outer jacket due to current 
loading (vel. = 0.89m/s) 
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Fig. 7.17 Stress distribution in the 
outer jacket due to current 
loading (vel. = 1.5m/s) 
GRAPH 11111 t1a tim 
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I MERIDIONAL FORCE/LENGTH (N/rn) 3116.8 0.0 3146.8 
2 CIRCUMFERENTIAL FORCE/LENGTH IN/m) 1171.0 -3688.2 1859.2 
3 MERIDIONAL STRESS (INSIDE SURFACE) IN/m') 22226.5 -52655.4 75001.9 
I MERIDIONAL STRESS (OUTSIDE SURFACE) (N/rn') 65762.8 -9833.3 75596.0 
5 CIRCUSI. 	STRESS (INSIDE SURFACE) (N/rn') 0.0 -13892.6 13892.6 
6 CIRCU1I. 	STRESS (OUTSIDE SURFACE) (N/rn') 11627.9 -17291.6 31922.5 
7 EQUIV. STRESS (INSIDE SURFACE) (N/rn') 0.0 -59205.0 59205.0 
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S CIRCUII. 	STRESS (INSIDE SURFACE) (N/a') 36147831.5 -3846611.9 39994649.4 
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Fig. 7.18(a) Stress distribution in the 
Outer jacket under the most 
severe environmental 
conditions 
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Fig. 7.18(b) Stress distribution in the 
outer jacket under severe 
environmental conditions 
(midpoint between wave crest 
and trough directly above 
centreline of tank) 
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(TENSILE) 
I MERIDIONAL FORCE/LENGTH (N/rn) 7705603.4 0.0 
2 CIRCUMFERENTIAL FORCE/LENGTH (N/mI 6360201.3 0.0 
3 MERIDIONAL STRESS (INSIDE SURFACE) (N/rn') 26577364.6 0.0 
4 IIERIDIONAL STRESS (OUTSIDE SURFACE) (N/rn') 31036826.0 0.0 
5 CIRCU11. 	STRESS (INSIDE SURFACE) (N/.') 26482753.0 0.0 
6 CIRCUt1. 	STRESS (OUTSIDE SURFACE) (N/rn') 2659105S.I 0.0 
7 EQUIV. STRESS (INSIDE SURFACE) (N/rn') 0.0 -26404298.9 
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Fig. 7.21 Stress distribution in the 
outer jacket with a 1 metre 
hole at the apex under the 
design head 
LEfiEH ILILE tlfiX WN tI8Xt1ll1 
(COMPRESSIVE) (TENSILE) IN 
I MERIDIONAL FORCE/LENGTH IN/m) 7089932.7 0.0 7089932.7 
2 CIRCUMFERENTIAL FORCE/LENGTH IN/rn) 8802910.4 0.0 0802940.4 
3 MERIDIONAL STRESS (INSIDE SURFACE) IN/rn') 26088998.9 0.0 26088998.9 
4 MERIDIONAL STRESS (OUTSIDE SURFACE) IN/rn') 30663121.5 0.0 30663121.5 
5 CIRCUI1. 	STRESS (INSIDE SURFACE) (N/rn') 36815817.9 0.0 36845817.9 
6 CIRCUM. 	STRESS (OUTSIDE SURFACE) (N/rn) 36512018.9 0.0 36512018.9 
7 EQUIV. STRESS (INSIDE SURFACE) (N/rn') 0.0 -32251046.9 32251046.9 
8 EQUIV. STRESS (OUTSIDE SURFACE) (N/rn') 0.0 -31940158.0 31940458.8 
CHAPTER EIGHT 
GENERAL DISCUSSION, CONCLUSIONS 
AND 
RECOMMENDATIONS FOR FUTURE WORK 
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8.1 	General discussion 
This thesis was concerned with the examination of the behaviour of the 
drop-shaped shell under various types of load in order to support its use in 
underwater applications. 
The study was undertaken in response to the need for underwater 
enclosures, whether as storage vessels in the immediate future or as 
habitats and seabed production centres in the years to come, with a view to 
proposing an alternative structural form for use in intermediate depths of 
water of less than 200m. 
However, prior to employing the Echinodome in underwater applications, 
an understanding of its behaviour in the submarine environment is essential 
and therefore a reliable analytical or numerical method of analysis is 
required. 
To this end the behaviour of a small prototype under various loading 
conditions was examined, both theoretically and experimentally, in the first 
part of this thesis. The theoretical investigations were based mainly on the 
finite element method but in some cases the membrane theory for thin 
shells also was considered. 
Three different finite element programs were used in the numerical work 
and the prototype was modelled using five different finite elements, which 
included ring elements and the semi-loot element. 
The use of these finite elements for the linear static stress analysis 
under both axisymmetric and non-axisymmetric loads, linear and non-linear 
buckling analyses and the free vibration analysis of the Echinodome was 
examined. Then, based on several factors such as the accuracy of the 
solution, the cpu time and storage space required for the analysis, and the 
capabilities of the element, a particular finite element was recommended for 
use in design for each type of analysis. 
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The results obtained from the numerical static stress analysis were 
compared with results from an analytical approach based on the membrane 
theory for thin shells to assess the suitability of the analytical method for 
that purpose. A similar comparison was made also between the numerical 
and analytical values for the critical buckling head of the prototype. 
The good comparison obtained in the theoretical investigation between 
the -results from the different finite elements was encouraging - as was the 
comparison of the results obtained from the membrane approach and the 
finite element method in the static stress analysis of the prototype under 
axisymmetric loads. 
However, complete reliance could not be placed on a numerical or 
analytical approach until it had been verified by experimental work and 
consequently a series of tests to substantiate the use of the finite element 
method for the types of analysis mentioned above was undertaken. 
Previous experimental work 17.18.26  on the small prototype had confirmed 
already the finite element approach to the analysis of the Echinodome 
under hydrostatic pressure and so in this work an experimental investigation 
was undertaken of the static response of the prototype to both 
axisymmetric and non-axisymmetric concentrated loads. 
This was followed by a series of non-destructive buckling tests on the 
prototype to predict its critical buckling load and the resonance testing of 
the shell to determine its natural frequencies and corresponding mode 
shapes. 
Good agreement was evident between experimental and theoretical 
results in all three cases hence confirming the suitability of the finite 
element method for the analysis of the Echinodome and substantiating the 
recommendations made for design. 
Based on these recommendations, in the second part of this thesis, an 
illustrative design of an underwater oil storage tank for the North Sea was 
carried out. A procedure for selecting its structural form was described and 
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its response to some of the important loadings expected was examined. 
The worst loading effects predicted were those due to hydrostatic pressure 
and this was very encouraging since the Echinodome is the optimum form 
for a structure subjected to hydrostatic pressure 16 ' 17' 26, and hence supports 
its use in underwater applications. 
Conclusions 
From this work on the prototype and the illustrative design example, and 
in line with the objectives of this thesis, the following conclusions may be 
drawn. 
The finite element method could be used satisfactorily for the 
structural analysis of the drop-shaped shell and this was confirmed by 
experimental work. 
The Mistry finite element was recommended for the static stress 
analysis under axisymmetric pressure, linear and non-linear buckling 
analyses, and free vibration analysis of the Echinodomé. 
The three-noded thin shell of revolution element in PAFEC (element 
42130) was recommended for the static stress analysis of the 
Echinodome under loads of a general nature, both axisymmetric and 
non-axisymmetric. 
The semi-loof element would be required for the analysis of the drop-
shaped shell if openings, other than an axisymmetric hole at the apex, 
were present. 
The membrane theory for thin shells could be employed satisfactorily 
in the static stress analysis of the Echinodome under axisymmetric loads 
of a general nature in the initial stages of design, as long as the 
designer was aware of the limitations of the theory. The use of the 
classical shell theory for predicting its critical buckling load, on the 
other hand, could lead to a serious overestimation of the critical load. 
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The experimental and theoretical investigation of the response of the 
prototype to concentrated loads confirmed that the optimum location for 
penetrating the shell for pipeline connections was at the apex and that 
the effect of impact loading at the maximum diameter could not be 
ignored. 
The examination of the buckling behaviour of the prototype predicted 
material failure in the bottom tenth of the shell wall before buckling 
occurred - the lowest buckling load being associated with a 
non-axisymmetric buckling mode. Careful use of the Southwell 
technique led to the experimental verification of the first two buckling 
loads and their corresponding mode shapes. 
The profile of the shell is dependent on the design head, material 
design stress and wall thickness therefore the buckling behaviour of a 
bigger Echinodome would be different and an examination of its buckling 
characteristics would be essential so as to determine whether buckling 
or material failure was the criterion in design. 
(I) The experimental and numerical determination of the natural 
frequencies of the prototype indicated a fundamental frequency 
corresponding to a symmetric translational mode. The second natural 
frequency corresponded to an axisymmetric mode and the third to a 
torsional mode. A simple extension to the Peak-Amplitude method was 
suitable for the experimental verification. 
As in (h) , the free vibration characteristics of the Echinodome would 
be dependent on its particular profile. 
An illustrative design example was undertaken-in which a procedure 
for selecting the structural form for the primary structure of an 
underwater storage tank was proposed. In this design example buckling 
was the criterion and it was recommended that the shell wall's thickness 
be increased along the bottom tenth of the tank to provide a high factor 
of safety against buckling. 
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(I) An assessment of the types and magnitudes of loads likely to be 
expected on an underwater structure indicated that the worst loading 
effects were those due to the hydrostatic pressure. This was 
encouraging since the drop shaped shell is at its optimum when under 
hydrostatic pressure. 
(m) The dynamic response of the storage tank during its operational 
stage was negligible and áould be neglected safely. 
8.3 
	
Recommendations for future work 
The work reported in this thesis has covered a consideration of most 
of the important loadings expected during the lifetime of an underwater 
drop shaped tank. However, as mentioned earlier, unexpected or 
accidental loads such as impact or blast loading might occur and it is 
important that the structure could withstand those loads safely. Future 
work on the prototype should therefore examine its response to impact 
and blast loading, both experimentally and numerically, with a view to 
obtaining a reliable method for predicting its behaviour under such 
loadings. 
Another area worthy of examination is the dynamic response of the 
prototype to the different types of dynamic loads likely to be 
encountered by the Echinodome during its launching, tow-out and 
installation stages, when it would be behaving as a semi-submersible. 
In addition, although the dynamic response of the structure to waves 
during its operational stage was found to be negligible, a fatigue 
analysis of the tank should be included in future work to ensure the 
integrity of the structure throughout its working life. 
It should be noted that all the work carried out up to now has 
considered only the shell wall but before such a structure can become a 
reality the design of the base and the seabed soil/structure interaction 
would need to be investigated fully. Similarly in the case of floating 
submerged tanks 12  the design of the moorings would require some 
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attention. 
In the near future the design, construction and in-Situ testing of a 
bigger prototype, preferably in concrete, in about 10 to 20m of water 
would be advantageous as it would highlight any unforeseen problems 
that could arise in the 'real life' case and encourage further research in 
that particular direction. Also it would, be an ideal opportunity to 
examine different methods of construction and the launching, tow-out, 
installation and recovery procedures 
Nevertheless, the work carried Out on the small prototype to date, 
although limited to laboratory conditions has shown that the 
Echinodome is suited functionally to underwater applications and offers 
an aesthetic and attractive structural form which is at its optimum under 
the main type of load encountered in the submarine environment of 
shallow to medium water depths. 
In closing, it is hoped that the work described in this thesis has 
contributed towards the realisation of the Echinodome as an underwater 
enclosure and serves as a basis for future work. 
241 
REFERENCES 
VALLINTINE, R., "Divers and Diving", book, Blandford Press, Dorset, 
(1981). 
BLEAKLEY, W.B., "Technique to develop Atlantic OCS oil and gas", 
Proc. of 'Civil Engineering in the Oceans' Conference, Delaware, 
USA, (1975), 830-845. 
DERRINGTON, J.A., COLLARD, M.J. & SKILLMAN, J.M., "Seabed 
containment structures for hydrocarbon production", Proc. 2nd Int. 
Conference on 'Behaviour of Offshore Structures', London, (1979), 
577-592. 
JONES, M.E., "Deepwater oil production and manned underwater 
structures", book, Graham and Trotman, London, (1981). 
ANON, "Seven year subsea program prepares for major trial", 
Offshore Engineer, (Sept. 1982), 40-41. 
WIESKE, P., "A new conception for the storage of oil and 
methanol", Proc. 	Symposium on 'New Technologies for 
Exploration and Exploitation of Oil and Gas Resources', 
LuxembOurg, (1979), Graham and Trotman, London, 619-636. 
BOZZO, G.M., "Underwater oil storage tank for 300 M.W.D.", Proc. 
Symposium on 'New Technologies for Exploration and Exploitation 
of Oil and Gas Resources', Luxembourg, (1979), Graham and 
Trotman, London, 637-651. 
MOINARD, M., "Installation of submerged storage facility by means 
of a multi-articulation column", Proc. Symposium on 'New 
Technologies for Exploration and Exploitation of Oil and Gas 
Resources', Luxembourg, (1979), Graham and Trotman, London, 
652-662. 
CHAMBERLAIN, R.S., "Undersea oil storage tank", Acier Stahl Steel, 
36, (1971), 348-353. 
GERWICK, B.C. & HOGNESTAD, F., "Concrete oil storage tank 
placed on North Sea floor", Civil Engineering, 43, 8, (1973), 81-85. 
I 
242 
MASCARO, F. & JANSKY, C.C., "Liquified gas floating facilities for 
offshore services", Proc. 'Design and Construction of Offshore 
Structures' Conference, London, (1976), 107-113. 
ROYLES, R. & LLAMBIAS, J.M., "Storage aspects of liquid gases 
underwater and the 	structural 	implications", 	Proc. 	mt. 
Symposium on 'Storage and Transport of LPG and LNG', Brugge, 
2, (1984), 55-72. 
ROYLES, R., Private communications, (1985). 
HAUX, C., "Subsea Manned Engineering", book, Bailliere Tindall, 
London, (1982). 
GAZZARD, R., LESZECK, K., PRICE, 0., STOREY, J. & WINCH, P., 
"North sea settlement", Northern Architect, (1966), 632-644. 
ANON, "Underwater Architects", Skin Diving in Australia and New 
Zealand, 5, 5, (1975). 
ROYLES, A., SOFOLUWE, A.B., BAIG, M.M. & CURRIE, A.J., "Behaviour 
of underwater enclosures of optimum design", Strain, 16, (1980), 
12-20. 
SOFOLUWE, A.B., "Studies of a structural form for underwater 
structures", Ph.D. Thesis, Department of Civil Engineering and 
Building Science, University of Edinburgh, (1980). 
DEN HARTOG, J.P., "Advanced Strength of Materials", book, 
McGraw Hill, New York, (1952), 86-88. 
NOVOZHILOV, V.V., "The theory of thin shells", book, P. Noordhoff 
(Ed.), Groningen, (1959), 124-130. 
TIMOSHENKO, S.P. & WOINOWSKY-KRIEGER, S., "Theory of plates 
and shells", book, McGraw Hill, New York, 2nd Edition, (1960), 
442-445. 
FLUGGE, W., "Stresses in thin shells", book, Springer Verlag, New 
York, (1960), 39-45. 
DAY, C.L., "New spheroidal design for large oil tanks", Engineering 
News Record, 103, (1929), 416-419. 
243 
BOUMAN, C.A., "Sterkteproeven met een spheroid tank", De 
lngenieur, 50 Petroleum-technieck, 5, (1938), 39-46. 
DARIC, C., "Apercu general sur la construction des reservoirs de 
stockage dans l'industrie du petrole", Construction, (1960), 
117-129. 
LLAMBIAS, J.M., "Examination of a sub-marine shell structure 
under axisymmetric and symmetric loads", Honours Project 
Report, Department of Civil Engineering and Building Science, 
University of Edinburgh, (1982). 
LAME, C. & CLAPEYRON, E., "Memoires sur l'equilibre interieur des 
corps solides' homogenes", Memoires presents a l'Academie des 
Sciences de l'lnstitute de France, 2nd series, 4, (1828). 
ARON, H., "Das Gleichgewicht und die Bewegung einer Unendlich 
Dunnen Beliebig Gekrummten, Elastichen Schale", Journal fur 
Reine and Ange. Maths, (1874). 
LOVE, A.E.H., "On the small free vibrations and deformations of 
thin elastic shells", Phil. Trans. Royal Soc. (London), 17A, (1888), 
491. 
ZIENKIEWICZ, O.C., "The Finite Element Method in Engineering 
Science", book, 3rd Edition, McGraw Hill, London, (1977). 
COATES, R.C., COUTIE, M.G. & KONG, F.K., "Structural Analysis", 
book, 2nd Edition, Thomas Nelson, Walton-on-Thames, (1980). 
ASHWELL, D.G. & GALLAGHER, R.H. (Ed.), "Finite elements for thin 
shells and curved members", book, Wiley, London, (1976). 
PAFEC Ltd., "PAFEC 75 Data Preparation", book, PAFEC Ltd., 
Nottingham, (1978). 
FINITE ELEMENT ANALYSIS Ltd., "LUSAS - Users Manual", book, 
Finite Element Analysis Ltd., London, (1982). 
MISTRY, J., "Application of a finite element method to 
axisymmetric shells", Report, University of Liverpool, Department 
of Mechanical Engineering, (1973). 
244 
HENSHELL, R.D. (Ed.), "PAFEC 75 Data Preparation 3.1 supplement", 
book, PAFEC ltd., Nottingham, (1980). 
HENSHELL, R.D. (Ed.), "PAFEC 75 Theory and Results", PAFEC ltd., 
Nottingham, (1975). 
ROYLES, R. & SOFOLUWE, A.B., "Membrane approximation of the 
behaviour of the drop shaped tank under symmetrical loading", 
Computers and Structures, 14, 5-6, (1981), 423-425. 
SOFOLUWE, A.B., "The behaviour of the drop shaped tank under 
unsymmetrical loading", Computers and Structures, 15, 4, (1982), 
489-490. 
KOBAVASHI, A.S. (Ed.), "Manual on experimental stress analysis", 
book, S.E.S.A., 3rd Edition, (1978), 15-23. 
WINDOW, A.L. & HOLISTER, G.S. (Eds.), "Strain gauge technology", 
book, Applied Science Publishers, London, (1982). 
TOKYO SOKKI KENKYUCO Co. Ltd., "Recommendations for gauge 
installation", Tokyo, (1984).. 
ROYLES, R. & JEFFREYS, D.C., "A microcomputer - controlled 
scanning system for transducers", Experimental Techniques, 7, 4, 
(1983), 26-28. 
TIMOSHENKO, S.P. & GERE, J.M., "Theory of elastic stability", book, 
McGraw-Hill, New York, (1961). 
DONNELL, L.H., "Beams, Plates and Shells", book, McGraw Hill, New 
York, (1976). 
ALLEN, H.G. & BULSON, P.S., "Background to buckling", book, 
McGraw-Hill, Maidenhead, (198), 511-563. 
VON KARMAN, T. & TSIEN, H.S., "The buckling of spherical shells 
by external pressure", Journal of the Aeronautical Sciences, 7, 2, 
(1939), 43-50. 
AYLWARD, R.W., GALLETLY, G.D. & MISTRY, J., "Buckling and 
vibrations of shells of revolution - a comparison of results 
obtained by different numerical methods", Proc. mt. Symposium 
245 
on 'Discrete methods in Engineering', Milan, (1974), 287-302. 
MISTRY, J., "Elastic - plastic buckling of nozzle - torisphere 
combinations subjected to uniform pressure", Proc. 	mt. 
Conference on 'Numerical methods for non-linear problems', 
University College Swansea, (1980), 383-394. 
BUSHNELL, D. "Plastic buckling of various shells", Journal of 
Pressure Vessel Technology, 104, (1982), 51-72. 
CRAIG, J.I. & DUGAN, M.F., "Nondestructive shell - stability 
estimation by a combined loading technique", Experimental 
Mechanics, 13, 9, (1973), 381-388. 
SOUZA, M.A., FOK, W.C. & WALKER, A.C., "Review of experimental 
techniques for thin walled structures liable to buckling, Part 1 - 
neutral and unstable buckling", Experimental Techniques, 7, 9, 
(1983), 21-25. 
SOUTHWELL, R.V., "On the analysis of experimental observations in 
problems of elastic stability", Proc. Royal Society, 135A, (1932), 
601-616. 
SPENCER, H.H. & WALKER, A.C., "Critique of Southwell plots with 
proposals for alternative methods", Experimental Mechanics, 32, 2, 
(1975), 303-310. 
GALLETLY, G.D. & REYNOLDS, I.E., "A simple extension of 
Southwell's method for determining the elastic general instability 
pressure of ring stiffened cylinders subject to external pressure", 
Proc. Society for Experimental Stress Analysis, 13, 2, (1956), 
141-152. 
TENERELLI, W.H. & HORTON, W.H., "An experimental study of the 
local buckling of ring-stiffened cylinders subject to axial 
compression", Israel Journal of Technology, 7, 1-2, (1969), 
181-194. 
KOLLAR, L & DULACSKA, E., "Buckling of Shells for Engineers", 
book, translated by G.R. Thompson, John Wiley, Budapest, (1984), 
256-259. 
FOSTER, C.G. & TENNYSON, R.C., "Use of the Southwell method to 
predict buckling strengths of stringer stiffened cylindrical shells", 
Strain, 19, 2, (1983), 63-67. 
246 
SOBEL, L.H., "The Southwell method for predicting plastic buckling 
loads for elbows", Journal of Pressure Vessel Technology, 105, 
(1983), 2-8. 
VALSANGKAR, A.J., BRITTO, A.M. & GUNN, M.J., "Application of the 
Southwell plot method to the inspection and testing of buried 
flexible pipes", Proc. Institution of Civil Engineers, Part 2, 71, 
(1981), 63-82. 
HORTON W.H. & CUNDARI, F.L:, "On the applicability of the 
Southwell plot to the interpretation of test data from instability 
studies of shell bodies", Proc. AIAA/ASME 8th 'Structures, 
Structural Dynamics and Materials' Conference, California, (1967), 
651-660. 
JONES, R.F., COSTELLO, M.G. & REYNOLDS, T.E., "Buckling of 
pressure loaded rings and shells by the finite element method", 
Computers and Structures, 
7, (1977), 267-274. 
ROYLES, R. & LLAMBIAS, J.M., "Examination of the buckling 
behaviour of an underwater storage vessel", Proc. 5th Int. 
Congress on 'Experimental Mechanics', Montreal, (1984). 
ROYLES, R. & LLAMBIAS, J.M., "Examination of the buckling 
behaviour of an underwater storage vessel", Experimental 
Mechanics, (to be published). 
MOOLJEE, N.K., "CURVEFIT on EMAS 2900", Edinburgh Regional 
Computing Centre User Note 11, (1983). 
FLUGGE, W., "Statik und Dynamik der schalen", book, Springer 
Verlag, Berlin, (1962). 
LEISSA, A.W., "Vibration of shells", NASA Report NASA-SP-288, 
Ohio State University, (1973). 
BLEVINS, R.D., "Formulas for natural frequency and mode shape", 
book, Van Nostrand Reinhold, New York, (1979). 
WARBURTON, G.B., "The dynamical behaviour of structures", book, 
Pergamon Press, Oxford, (1976). 
WILSON, E.L., "Numerical methods for dynamic analysis", Numerical 
247 
Methods in Offshore Engineering, (Edited by Zienkiewicz, O.C., 
Lewis, R.W., & Stagg, K.G.), Chapter 6, (1978), 195-220. 
BISHOP, R.E.D., GLADWELL, G.M.L., "An investigation into the theory 
of resonance testing", Phil. Trans. Royal Society (London), 255A, 
(1962-63), 241-280. 
HEWLETT PACKARD Co., "Operation Manual for HP3582A Spectrum 
Analyser", book, Hewlett Packard Co., USA, (1982). 
DALLY, J.W., & BROUTMAN, L.J., "Frequency effects on the fatigue 
of glass reinforced plastics", Journal of Composite Materials, 1, 
(1967), 424-442. 
ROBERTS, J.W. & CARTMELL, M.P., "Forced vibrations of a beam 
system with autoparametric coupling effects", Strain, 20, (1984), 
123-131. 
BRITISH PETROLEUM Co. Ltd., "Our industry - Petroleum", 5th 
Edition, BP Co. Ltd., London, (1977), 584. 
BRITISH STANDARDS INSTITUTION, "Codes of Practice for Fixed 
Offshore Structures", BS6235, BSI, London, (1982). 
BROWNE, R.D. & DOMONE, P.L.J., "The long term performance of 
concrete in the marine environment", Proc. 'Offshore Structures' 
Conference, Institution of Civil Engineers, London, (1975), 49-59. 
HAYNES,H. & KAHN, L., "Undersea concrete spherical structures", 
Proc. A.C.I. Journal, 70, 37, (1983), 337-340. 
LACROIX, R.L., "Special problems in connection with undersea oil 
storage tanks of prestressed concrete", Proc. FIP Symposium on 
'Concrete Sea Structures', Tbsili, (1972), 94-98. 
GRAFF, W.J. & CHEN, W.F., "Bottom supported concrete platforms: 
overview", Journal Structural Division, ASCE, 107, ST6, (1981), 
1059-1081. 
BRITISH STANDARDS INSTITUTION, "Code of Practice for the 
structural use of concrete", CP110: Part 1: 1972 , BSI, London, 
(1972). 
248 
BRITISH STANDARDS INSTITUTION, "British Standard for fired and 
unfired pressure vessels: plates", BS1501: Part 1: 1980, BSI, 
London, (1980). 
MINISTRY OF DEFENCE, "North Sea Offshore Charts", Sheet 5, 
Chart No. 278, New Edition, Admiralty Charts, Hydrographic 
Department, Taunton, (1980). 
DEPARTMENT OF ENERGY, "Offshore installations: Design and 
Construction, Guidance notes", HMSO, 2nd Edition, London, (1978). 
DAVENPORT, A.G., "Gust loading factors", Journal of the Structural 
Division, ASCE, 93, ST3, 11-34. 
VICKERY, B.J., "on the reliability of gust loading factors", Proc. 
Tech. Meeting on 'Wind loads on buildings and structures', 
National Bureau of Standards, Washington D.C., (1970), 93-104. 
KANDA, J., "Dynamic along-wind response of tall bluff structures 
in strong wind", Ph.D. Thesis, Department of Civil Engineering 
and Building Science, University of Edinburgh, (1979). 
BRITISH STANDARDS INSTITUTION, "Code of basic data for the 
design of buildings - loading - wind loads", CP3: Chap. V: Part 2: 
1972, BSI. London, (1972). 
SCHLICHTING, H., "Boundary layer theory", book, 2nd Edition, 
McGraw-Hill, New York, (1968). 
ACHENBACH, E., "Experiments on the flow past spheres at very 
high Reynolds numbers", Journal of Fluid Mechanics, 54, 3, (1972), 
565-575. 
ACHENBACH, E., "The effects of suface roughness and tunnel 
blockage on the flow past spheres", Journal of Fluid Mechanics, 
65, 1, (1974), 113-125. 
SOCIETE SUISSE DES ENGINIEURS ET DES ARCHITECTES, "SIA 
Norme 160", (1970). 
HALLAM, M.G., HEAF, N.J. & WOOTTON, LR., "Dynamics of Marine 
Structures: Methods of calculating the dynamic response of fixed 
structures subject to wave and current action", CIRIA, Report UR8, 
2nd Edition, London, (1978), 121-176. 
249 
DEAN, R.G., "Relative validities of water wave theories", Journal of 
Waterways and Harbours Division, ASCE, 96, WW1, (1970), 
105-119. 
O'BRIEN, M.P. & MORISON, J.R., "The force exerted by waves on 
objects", Trans. American Geophysical Union, 33, 1, (1952), 32-38. 
WIEGEL, R.L., " Oceanographical Engineering", book, Prentice Hall, 
New York, (1964). 
MYERS, J.J., HOLM, C.H. & McALLISTER, R.F. (Eds.), "Handbook of 
Ocean and Underwater Engineering", book, McGraw-Hill, New 
York, (1969). 
BREBBIA, C.A. & WALKER, S., "Dynamic analysis of Offshore 
Structures", book, Newnes Butterworths, London, (1979), 195-239. 
DIRECTORATE OF FISHERIES RESEARCH, "Atlas of the seas around 
the British Isles", book, Ministry of Agriculture, Fisheries & Food, 
1st Edition, (1981). 
DAWSON, T.H., "Offshore Structural Engineering", book, 
Prentice-Hall, New Jersey, (1983). 
FEDERATION INTERNATIONAL DE LA PRECONTRAINTE, 
"Recommendations for the design and construction of concrete 
sea structures", FIP/6/1, 3rd Edition, (1977). 
ACI COMMITTEE 357, "Guide for the design and construction of 
fixed offshore structures", Report No. 75-72, ACI Journal, (1978), 
684-709. 
DOWRICK, D.J., "Earthquake risk and design ground motions in the 
U.K. offshore area", Proc. ICE, Part 2, 71, (1981), 305-321. 
MILLER, K.S., "Engineering Mathematics", book, Constable, London, 
(1956), 266-271. 
KUFNER, A. & KADLEC, J., "Fourier Series", book, (trans. by G.A. 
Toombs), lllife books, London, (1971), 210-221. 
KREYSIG, E., "Advanced Engineering Mathematics", book, 4th 
Edition, John Wiley, New York, (1979), 468-508. 
250 
107. SKJELBREIA, L. & HENDRICKSON, J.A., "Fifth order gravity wave 
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A1.1 BASIC FLOW DIAGRAM OF THE FINITE ELEMENT METHOD 
START 
read input data 
and store it 




I 	1=1+1 	I 
	






invert overall 	 -. 
stiffness matrix 
kl ~ 1 
compute nodal
flO I 

















data file for 
	
Mistry or PAFEC 	no 



















A1.2 FLOW DIAGRAM FOR THE SHAPE PREDICTION PROGRAM 
START 
Main shape prediction 
program 
determine centreline 




req uired '  
yes 
I 	determine shell's 
I characteristics 
..- 	 are 
ords. of inne r . 
K and outer surfaces)' 
re qui red  
yes 
determine coords of 1 
inner and outer surfaces 
of shell's wall 







* For a flow diagram for the main shape 
prediction program the reader is 
referred to 
1-3 
A1.3 FLOW DIAGRAM FOR 'PAFMAS' 
START 
'are 
tables 	 no 
equired 
yes 
I 	list tables 
are 








I run EASYGRAPH I 
I 	add stresses 	I 
	
print out graphs 	I 
I 	add disps 	I 
STOP 
1-4 




read voltage in channel I 
(No. of channels = N) 
compute strain (or 
deflection) and display 




evaluate and display the 
L_time taken for the scan 
1 
read in the details 
of the test 
- —F 
select output device: 
printer (P), cassette (C) 
or neither (N) 
I I 
(P) or (C) I 	(N) 
print Out results on 
selected output device 
,- is 
his the da 
run 
I9 
to top of next 
column 	 1-5 





form the stiffness 
matrix, 5e1 
is 
ei non positive 
definitive 
Yt 5 
no Faxisymmetric collapse 1 
,Lf 








Stj=0 	 yes 
increase Pj no repeat cycle with I d 
by dp smaller increments 
to narrow down 
is Lr 
S t j of a 
di ifferent sign 
to  5t1-1 set up 
eigenvalue problem 
no 
lve eigenvalue F c problem s=O 
search for lower 
value of m (mode shape) 
I 	bifurcation buckling 
STOP 
1-6 
A1.6 FLOW DIAGRAM FOR THE WAVE LOADING PROGRAMS 
The flow diagrams for both programs are very similar. The only 
difference being the introduction of an extra step to determine a number of 
constants required for the evaluation of the wave profile and water particle 
velocities and accelerations (see appendix 7) when using the non-linear 
wave theory. As a result one flow diagram is shown here, with the extra 
step required by Stokes non-linear wave theory indicated by dotted lines. 
START 
4, 
input coords. of shell 
and wave parameters 
---------- 1 
I 	determine the constants 
for the particular wave 
L-------------__.J 
compute the cross sectional 
area of each element 
Jr 
determine velocity of 
water particles at the 




current 	 yes 
no 
4, 
determine the drag 
force on each element 
1 
compute the total drag 
force on the structure 
print drag force on 
each element and the 
total drag force on 
the structure 
modify the velocity of 
the wave induced wate 
particle motion 
(u+cu) 
compute the volume 
enclosed by each element 
.1 
determine the acceleration 
of the water particles at 
the centroid of each element 
[ 	
compute the inertia force 
on each element 
compute the total inertia 
force on the structure 
print the inertia force 
on each element and the 
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2-1 
A2.1 TYPICAL DATA FILE FOR THE MISTRY PROGRAM 
1 
LINEAR STATIC STRESS ANALYSIS OF ECHIN000ME 
6 10 
00.88000E+ 1 000.36000E+0000 1.1 000E+03-0.98 1 OOE+04-0.98 1 OOE+04-0.39240E+06 
00.00000E+00 























0.49812E-02 0.48000E-0 1 
0.68091 E-02 0.56000E-0 1 
0.89382E-02 0.64000E-01 
0.1 1378E-01 0.72000E-01 
0.14139E-01 080000E-01 



















0.1 1248E+00 0.19727E+00 














































A2.2 TYPICAL DATA FILE FOR PAFEC (ELEMENT 42130) 














0.68091 E-02 0.56000E-0 1 
0.89382E-02 0.64000E-01 
0.1 1378E-01 0.72000E-01 
0.14139E-01 0.80000E-01 
0.1 7236E-0 1 0.88000E-0 1 
0.20684E-01 0.96000E-01 
0.24502E-01 0.10400E+00 
0.28713E-01 0.1 1200E+00 





0.64266E-01 0.1 6000E+00 
0.72478E-01 0.16800E+00 
0.80478E-0 1 0.1 7506E+00 
0.88478E-01 0.18145E+00 
0.96478E-0 1 0.1 8725E+00 
0.10448E+00 0.19251E+00 
0.1 1248E+00 0.19727E+00 
0.1 2048E+00 0.20157E+00 
0.1 2848E+00 0.20543E+00 
0.13648E+00 0.20888E+00 
0.14448E+00 0.21194E+00 
0.15248E+00 0.21461 E+00 
0.16048E+00 0.21693E+00 
0.16848E+00 0.21889E+00 




























0.37047E+00 0.1 1613E+00 
0.37269E+00 0.10813E+00 






1 	1 	2 
R11,0 1 1 
2 13 14 
R6,0 1 1 
3 20 21 
R4,0 1 1 
4 25 26 
R4,0 1 1 
5 30 31 
R4,0 1 1 
6 35 36 
R4,0 1 1 
7 40 41 
R4,0 1 1 
8 45 46 
R5,0 1 1 
9 51 52 
R4,0 1 1 
10 56 57 
R9,0 1 1 
MATERIALS 
MATERIAL.NUMBER= 1 
E NU RO 
.88E10 .36 1.1E3 
PLATE S.AN D . S H E LLS 
PLATE MATERIAL THICKNESS RAD1 
1 1 .00327 0 
2 1 .00382 0 
3 1 .00394 0 
4 1 .00401 0 
2-5 
5 	1 .00404 0 
6 1 .00390 0 
7 	1 .00381 0 
8 1 .00374 0 
9 	1 .00362 0 
10 1 .00344 0 
RESTRAINTS 
NODE.NUMBER PLANE DIRECTION 













END. OF. DATA 
START FINISH 	STEP 
1 13 1 
13 20 1 
20 25 1 
25 30 1 
30 35 1 
35 40 1 
40 45 1 
45 51 1 
51 56 1 
56 66 1 
mm 
A2.3 TYPICAL DATA FILE FOR PAFEC (ELEMENT 36610) 



















































































































































R64,2 	2 	2 2 
MATERIALS 
MATERIAL.NUMBER= 1 
E 	NU RO 
.88E10 	.36 1.1E3 
PLATE S.AN D . SHELLS 
PLATE 	MATERIAL THICKNESS RAD1 
1 	1 .001 0 
RESTRAINTS 
NODE.NUMBER PLANE DIRECTION 
131 2 	0 
PRESSURE 
PRESSURE.VALUE 	START FINISH 	STEP 
1.5145E4 1 33 	2 
1.5508E4 33 43 2 
1.5883E4 43 53 	2 









63 73 2 
73 81 2 
81 91 2 
91 101 2 
101 109 2 
109 131 2 
2-10 
A2.4 TYPICAL DATA FILE FOR LUSAS (ELEMENT QAX4) 
PROBLEM TITLE LINEAR STATIC STRESS ANALYSIS OF ECHIN000ME 
UNITS N M KG 
QAX4 ELEMENT TOPOLOGY 




1 	• 	0.00000 	0.00000 
2 0.00000 0.00327 
3 	0.00800 	0.00014 
4 0.00800 0.00341 
5 	0.01600 	0.00054 
6 0.01600 0.00382 
7 	0.02400 	0.00123 
8 0.02400 0.00451 
9 	0.03200 	0.00218 
10 0.03200 0.00548 
11 	0.04000 	0.00342 
12 0.04000 0.00674 
13 	0.04800 	0.00495 
14 0.04800 0.00829 
15 	0.05600 	0.00676 
16 0.05600 0.01013 
17 	0.06400 	0.00887 
18 0.06400 0.01227 
19 	0.07200 	0.01129 
20 0.07200 0.01473 
21 	0.08000 	0.01403 
22 0.08000 0.01752 
23 	0.08800 	0.01710 
24 0.08800 0.02064 
25 	0.09600 	0.02052 
26 0.09600 0.02411 
27 	0.10400 	0.02400 
28 0.10400 0.02827 
29 	0.11200 	0.02817 
30 0.11200 0.03253 
31 	0.12000 	0.03274 
32 0.12000 0.03721 
33 	0.12800 	0.03777 
34 0.12800 0.04236 
35 	0.13600 	0.04327 
36 . 0.13600 0.04800 
37 	0.14400 	0.04931 
38 0.14400 0.05421 
39 	0.15200 	0.05594 
40 0.15200 0.06103 
41 	0.16000 	0.06315 
42 0.16000 0.06865 
43 	0.17068 	0.07411 
44 0.16532 0.07411 
45 	0.17763 	0.08211 
2-11 
46 0.17248 0.08211 
47 0.18392 0.09011 
48 0.17898 0.09011 
49 0.18964 0.09811 
50 0.18486 0.09811 
51 0.19487 0.10611 
52 0.19015 0.10611 
53 0.19957 0.11411 
54 0.19497 0.11411 
55 0.20382 0.12211 
56 0.19932 0.12211 
57 0.20763 0.13011 
58 0.20323 0.13011 
59 0.21104 0.13811 
60 0.20672 0.13811 
61 0.21408 0.14611 
62 0.20979 0.14611 
63 0.21673 0.15411 
64 0.21250 0.15411 
65 0.21902 0.16211 
66 0.21484 0.16211 
67 0.22095 0.17011 
68 0.21682 0.17011 
69 0.22255 0.17811 
70 0.21844 0.17811 
71 0.22373 0.18611 
72 0.21980 0.18611 
73 0.22466 0.19411 
74 0.22074 0.19411 
75 0.22525 0.20211 
76 0.22134 0.20211 
77 0.22551 0.21011 
78 0.22161 0.21011 
79 0.22544 0.21811 
80 0.22153 0.21811 
81 0.22498 0.22611 
82 0.22116 0.22611 
83 0.22423 0.23411 
84 0.22040 0.23411 
85 0.22313 0.24211 
86 0.21928 0.24211 
87 0.22168 0.25011 
88 0.21779 0.25011 
89 0.21985 0.25811 
90 0.21592 0.25811 
91 0.21760 0.26611 
92 0.21369 0.26611 
93 0.21499 0.27411 
94 0.21102 0.27411 
95 0.21194 0.28211 
96 0.20790 0.28211 
97 0.20844 0.29011 
98 0.20431 0.29011 
99 0.20445 0.29811 
100 0.20020 0.29811 
2-12 
101 0.19991 0.30611 
102 0.19553 0.30611 
103 0.19471 0.31411 
104 0.19030 0.31411 
105 0.18889 0.32211 
106 0.18428 0.32211 
107 0.18228 0.33011 
108 0.17741 0.33011 
109 0.17213 0.34063 
110 0.17213 0.33560 
111 0.16413 0.34759 
112 0.16413 0.34310 
113 0.15613 0.35377 
114 0.15613 0.34951 
115 0.14813 0.35914 
116 0.14813 0.35507 
117 0.14013 0.36380 
118 0.14013 0.35988 
119 0.13213 0.36778 
120 0.13213 0.36399 
121 0.12413 0.37115 
122 0.12413 0.36746 
123 0.11613 0.37391 
124 0.11613 0.37031 
125 0.10813 0.37609 
126 0.10813 0.37255 
127 0.10013 0.37769 
128 0.10013 0.37420 
129 0.09213 0.37869 
130 	. 0.09213 0.37524 
131 0.08413 0.37908 
132 0.08413 0.37564 
MATERIAL PROPERTIES 
1 	65 	1 0.88E10 	0.36 1.1E3 
SUPPORT NODES 
131 	132 1 	R 	R 	0 	0 
LOAD CASE 
BFP 
1 31 2 0 0 0 
33 .41 2 0 0 0 
43 51 2 0 0 0 
53 61 2 0 0 0 
63 71 2 0 0 0 
73 79 2 0 0 0 
81 89 2 0 0 0 
91 99 2 0 0 0 
101 107 2 0 0 0 













A2.5 TYPICAL DATA FILE FOR LUSAS (ELEMENTS QSL8 & TSL6) 
PROBLEM TITLE LINEAR STATIC STRESS ANALYSIS OF ECHIN000ME 
OPTION 13,58 
UNITS N M 
TSL6 ELEMENT TOPOLOGY 
FIRST 1 1 	164 	4 	3 	2 	163 
INC1O1 22213 
QSL8 ELEMENT TOPOLOGY 
FIRST 4 4 	10 	15 	14 	13 9 2 	3 
INC 	1 2 1 2 	2 	2 1 	2 2 	3 
INC 	3 11 11 	11 	11 	11 	11 11 11 	14 
NODE COORDINATE 
1 	0.0 0.0 0.0 
167 	1.0 	0.0 	0.0 
168 	0.0 	1.0 0.0 
LOCAL CYLINDRICAL COORDINATE 1 	167 	168 
FIRST 	163 0.0000683 	0.004 0 
INC1 0 0 	30 4 
FIRST 2 0.0001367 	0.008 0 
INC 	1 0 0 	15 7 
FIRST 9 0.0017290 	0.0281 0 
INC1 0 0 	30 4 
FIRST 13 0.0049812 	0.048 0 
INC1 0 0 	15 7 
FIRST 20 0.011704 	0.0724275 0 
INC1 0 0 	30 4 
FIRST 24 0.020684 	0.096 0 
INC1 0 0 	15 7 
FIRST 31 0.0277996 	0.1102647 0 
INC1 0 0 	30 4 
FIRST 35 0.035885 	0.124 0 
INC 	1 0 0 	15 7 
FIRST 42 0.04586222 	0.138396 	0 
INC1 0 0 	30 4 
FIRST 46 0.05685 	0.152 0 
INC1 0 0 	15 7 
FIRST 53 0.066381 	0.162060412 0 
INC1 0 0 	30 4 
FIRST 57 0.076474 	0.17153 0 
INC1 0 0 	15 7 
FIRST 64 0.0862487 	0.1796333 0 
INC1 0 0 	30 4 
FIRST 68 0.096478 	0.18725 0 
INC 	1 0 0 	15 7 
FIRST 75 0.1063160 	0.1936024 0 
INC1 0 0 	30 4 
FIRST 79 0.11648 	0.19942 0 
INC1 0 0 	15 7 
FIRST 86 0.1261962 	0.204328055 0 
INC1 0 0 	30 4 
FIRST 90 0.13648 	0.20888 0 
INC 	1 0 0 	15 7 
FIRST 97 0.15648 	0.2157 0 
2-14 
INC1 0 0 30 4 
FIRST 101 0.17648 0.2205 0 
INC 	1 0 0 15 7 
FIRST 108 0.19648 0.223 0 
INC1 0 0 30 4 
FIRST 112 0.2164 0.22349 0 
INC 	1 0 0 15 7 
FIRST 119 0.23648 0.221765 0 
INC1 0 0 30 4 
FIRST 123 0.2564 0.21789 0 
INC 	1 0 0 15 7 
FIRST 130 0.2812294 	0.2095 0 
INC1 0 0 30 4 
FIRST 134 0.30448 0.19772 0 
INC 	1 0 0 15 7 
FIRST 141 0.32555 0.182314 0 
INC1 0 0 30 4 
FIRST 145 0.34371 0.16413 0 
INC1 0 0 15 7 
FIRST 152 0.3665282 	0.126800 0 
INC1 0 0 30 4 
FIRST 156 0.37573 0.084126 0 
INC1 0 0 15 7 
GLOBAL CARTESIAN COORDINATES 
TSL6 GEOMETRIC PROPERTIES 
1 3 1 .00327 .00327 .00327 .00327 .00327 .00327 
QSL8 GEOMETRIC PROPERTIES 
4 9 1 .00327 .00327 .00327 .00327 
10 15 1 .00382 .00382 .00382 .00382 
16 21 1 .00394 .00394 .00394 .00394 
22 27 1 .00401 .00401 .00401 .00401 
28 30 1 .00404 .00404 .00404 .00404 
31 33 1 .00390 .00390 .00390 .00390 
34 36 1 .00381 .00381 .00381 .00381 
37 39 1 .00374 .00374 .00374 .00374 
40 42 1 .00362 .00362 .00362 .00362 
43 45 1 .00344 .00344 .00344 .00344 
MATERIAL PROPERTIES 
1 45 1 0.88E10 0.36 1.1E3 
SUPPORT NODES 
1 	0 0FRRRR0000 
156 162 1 R R R R R 0 0 0 0 
12 166 11 F R F R F 0 0 0 0 
8 151 11 F R F A F 0 0 0 0 
9 163 11 F F R R F 0 0 0 0 
2 145 11 F FR R F 0000 
LOAD CASE 
BFP 
1 23 1 0 0 -1.5145E4 
24 45 1 0 0 -1.5508E4 
46 67 1 0 0 -1.5883E4 
68 89 1 0 0 -1.6276E4 
90 100 1 0 0 -1.6668E4 
101 111 1 0 0 -1.7020E4 
112 122 1 0 0 -1.7374E4 
00327 .00327 .00327 .00327 
.00382 .00382 .00382 .00382 
.00394 .00394 .00394 .00394 
.00401 .00401 .00401 .00401 
.00404 .00404 .00404 .00404 
.00390 .00390 .00390 .00390 
.00381 .00381 .00381 .00381 
.00374 .00374 .00374 .00374 
.00362 .00362 .00362 .00362 
.00344 .00344 .00344 .00344 
2-15 
123 133 1 0 0 -1.7767E4 
134 144 1 0 0 -1.8133E4 
145 162 1 0 0 -1.8490E4 
163 166 1 0 0 -1.5145E4 
END 
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A2.6 TYPICAL OUTPUT FILE FROM 'CURVEFIT' 
EDINBURGH REGIONAL COMPUTING CENTRE - CURVE FITTING PROGRAM CURVEFIT 
POLYNOMIAL 
1.1000000@ 1 2.5581000@ 	1 
1.2990000@ 1 2.5490000@ 	1 
1.3000000@ 1 2.6000000@ 	1 
1.5990000@ 1 2.5806000@ 	1 
1.6000000@ 1 2.6667000@ 	1 
1.7000000@ 1 2.4286000@ 	1 
1.8000000@ 1 2.5714000@ 	1 
1.9000000@ 1 2.7143000@ 	1 
2.1000000@ 1 2.6250000@ 	1 
2.2000000@ 1 2.4444000@ 	1 
2.2010000@ 1 2.7500000@ 	1 
2.4000000@ 1 2.6667000@ 	1 
2.4990000@ 1 2.5000000@ 	1 
2.5000000@ 1 2.7174000@ 	1 
2.6000000@ 1 2.6000000@ 	1 
3.2990000@ 1 2.5984000@ 	1 
3.3000000@ 1 2.7049000@ 	1 
3.4000000@ 1 2.5373000@ 	1 
3.6000000@ 1 2.6277000@ 	1 
3.8000000@ 1 2.6389000@ 	1 
4.0000000@ 1 2.5723000@ 	1 
4.0990000@ 1 2.6032000@ 	1 
4.1000000@ 1 2.6623000@ 	1 
4.2000000@ 1 2.5455000@ 	1 
4.5000000@ 1 2.5424000@ 	1 
4.6000000@ 1 2.6136000@ 	1 
4.8000000@ 1 2.7273000@ 	1 
4.8990000@ 1 2.5521000@ 	1 
4.9000000@ 1 2.7528000@ 	1 
5.2000000@ 1 2.5366000@ 	1 
5.3990000@ 1 2.6150000@ 	1 
5.4000000@ 1 2.7136000@ 	1 
5.5000000@ 1 26961000@ 	1 
6.1000000@ 1 2.6407000@ 	1 
6.2000000@ 1 2.7373000@ 	1 
6.2990000@ 1 2.7039000@ 	1 
6.3000000@ 1 2.8000000@ 	1 
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6.5000000@ 1 2.5000000@ 	1 
6.8000000@ 1 2.6931000@ 	1 
7.0000000@ 1 2.7668000@ 	1 
7.0990000@ 1 2.6894000@ 	1 
7.1000000@ 1 2.7573000@ 	1 
7.4000000@ 1 2.7206000@ 	1 
7.4990000@ 1 2.6738000@ 	1 
7.5000000@ 1 2.7174000@ 	1 
7.6000000@ 1 2.7636000@ 	1 
7.7000000@ 1 2.7899000@ 	1 
8.2000000@ 1 2.7703000@ 	1 
8.6000000@ 1 2.8105000@ 	1 
8.7000000@ 1 2.7796000@ 	1 
9.1000000@ 1 2.7914000@ 	1 
9.3000000@ 1 2.7193000@ 	1 
END 
CLASS= 1 
LEAST SQUARES APPROXIMATION OF DISCRETE FUNCTIONS BY A POLYNOMIAL OF DEGREE 
COEFFICIENTS (IN ASCENDING ORDER) 
A( 0) = 2.53494095580165@ 1 
A( 1) = 2.50015888770655@ -2 
STANDARD DEVIATION: 7.5102@ -1 
52 DATA POINTS USED IN ABOVE CALCULATION 
END OF INPUT DATA 
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A2.7(a) TYPICAL INPUT FILE FOR 'RESPONSE' 
OIL STORAGE TANK 
37.67 52.02 52.02 1.7 	116. 1.0 2.0 
33.33 .15 .190 .080 440. 0.35 2.00 16.30 14.80 0.38 10.00 
0.20 0.80 3.50 
A2.7(b) TYPICAL OUTPUT FILE FROM 'RESPONSE' 
**** DYNAMIC WIND RESPONSE ANALYSIS RESULTS **** 
NAME : OIL STORAGE TANK 
SIZE OF STRUCTURE : H = 38.M B = 52.M D = 52.M F0=I.7OHZ ZETA=2.00% 
WIND CHARACTERISTICS AT Z=H ( ( ) SHOWS POWER EXPONENT OF PROFILE): 
	
U(H) = 41.M/S T.I. = 14.% 	L(H) = 854.M BETA = 2.0 
(0.15) 	(-0.08) (0.35) 
DECAY FACTOR KY = 12.0 	KZ = 10.9 (-0.38) 
COEFFICIENTS : 	C = 0.20 C = 0.80 	C = 3.50 
DST 	DOS 	 DDR 
RESULTS: DEFLECTION X & ACCELERATION A AT Z=H 
(MODAL SHAPE POWER EXPONENT = 1.0) 
XMEAN = 0.0004M 	AERO.D.R. =0.025% 
DAMPING RATIO 	2.00% 
AERODYNAMIC 	N 
DAMPING EFFECT 
X RMS (M) 	0.00009 
X MAX (M) 	0.00076 
A RMS (C) 	0.00072 
A MAX (G) 	0.00312 
GUST FACTOR 	2.01 
PEAK FACTOR X 	4.23 
A 4.31 4.3 
ROUGHNESS FACTOR 0.311 
GUST EX. FACTOR 0.044  
la 
BACKGROUND EX.F. 0.491 









VARIATION IN WALL THICKNESS OF PROTOTYPE 
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A3 VARIATION IN WALL THICKNESS OF PROTOTYPE 
	












Meridian 	Average thickness 
e (mm) 
30 ° 3.456 
60 ° 3.930 
90 ° 3.402 
120 ° 3.456 
150 ° 3.913 
180 ° 4.183 
210 ° 3.862 
240 ° 3.890 
270 ° 3.342 
300 ° 3.369 
330 ° 3.887 
360 ° 4.207 
Table A3.1 Variation in wall thickness of prototype 
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APPENDIX FOUR 
COMPARISON OF FINITE ELEMENTS 
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ELEMENT NUMBER DEGREES DISPLACEMENT TYPES OF 	OUTPUT OF 
	
OF 	OF 	FUNCTIONS 	ANALYSIS STRESS 
NODES FREEDOM 	 POSSIBLE 	RESULTS 
Mistry 	 u ,v ,w 	u=a 1 +ct 2s 	static stress 	N4,, N9, N4,9 
2 	8 v=c 3 +0t4 s 	 - linear 	 M4,, N9, N4,9 
/ 	 w=015+ct6s+c17s2 - non-linear 	a ,  a9, 
buckling 	 Geq 
- linear 	 (top & bottom) 
- non-linear 
vibration 
PAFEC 	 UX,U V,UZ U=ct 1 +ct 2 E 	static stress 	a,, an , 0zz 
36610 	8 	 - linear 	 a, a, 
- non-linear 	(top,bottom & 
vibration 	 middle) 
dynamic response 
thermal 
PAFEC 	 U=1+a2s+cL3 S 2 static stress 	a4,, a9, a,e 
42130 	3 	4 	U=ct4 +ct 5 s+ct5 s 2 - linear 	 (top,bottom & 
U=cz7 ~ ct8s+a9s2 - non-linear 	 middle) 
/ vibration 
+125 	 dynamic response 
LUSAS 	 U, V 	 static stress 	GXXI ayv. a 1 
QAX4 	4 	 n/a 	- linear GXY' aeq 
- non-linear 	Gma x , 0mjfl'  B 
thermal 	 (top & bottom) 
LUSAS 	 U, V, W 	 static stress 	N, N, NXY 
TSL6 	6 	& 	 n/a 	- linear 	 M, M. 
A 
 
01'2 	 - non-linear 	a,, o, U zz  
) 	
(at loof thermal 	 in local axes 
points) 
QS L8 	 8 	 GmaxaminB 
(top & bottom) 
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APPENDIX FIVE 
FOURIER SERIES APPROXIMATIONS 
	
A5.1 	Point loading 	 (5.2) 
A5.2 	Wind loading 	 (5.5) 
A5.3 	Wave loading 	 (5.7) 
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A5.1 	FOURIER SERIES APPROXIMATION OF A POINT LOAD 
Fig. A5.1 Point loading at the maximum diameter 
In order to idealise a horizontal point load acting at the maximum 
diameter of the shell (see Fig. A5.1(a) above), a Fourier series was required. 
This load, which is represented in a graphical form in Fig. 5.1(b) can be 







where f(s) is the load intensity per circumference 
The function f(8) has one singularity, i.e. it is zero everywhere except at 
the origin, where it is infinity, and hence is a Delta function (or unit impulse 
function), 6(9) 104 * 




Expressing the function as a Fourier series of the form, 
ao 
F(s) 	= A0 + 	cos me 	 (A5.3) 
where 	 A0 = 	/ 	1:f(e)de 	 (A5.4) 
and 	 Am = 	1'7r ff(8) cos me dO 	 (A5.5) 
Substituting in (A5.2) & (A5.4), 
A0 = 1'21T •: e S() d 
I 
Now, since f 5(8) dO = 1, by definition of a Delta function 104 for any 
>O, then this equation becomes, 
A0 = 1/El] 
= 	"21T 	 (A5.6) 
Similarly substituting (A5.2) in (A5.3), 
Am = 	f 	) cos me dO 	 (A5.7) 
Now, since another property of a Delta function is that it acts as a 
'reproducing kernel' 104  then for any & > 0, 
f ó(e) x(e) de = x(0) 	 (A5.8) 
-i 
Thus from (A5.7) & (A5.8), 
Am = / [ cos mO] 
= I 
/IT 	 (A5.9) 
Therefore from (A5.3), (A5.6) & (A5.9), 
F(0) 	= 1/2 + 1/ 	cos me 
5-3 
i.e. 	 F(s) 	= 1 	[ 1/2 + cose + cos2e + cos3e + 	. cos me ] 
It should be noted that when m is sufficiently large, F(s) approximates a 
point loading at e = 0. 
20 terms 	 terms 
Fig. A5.2 Effect of truncating the Fourier series for a point load 
after 9 and 20 terms 
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A5.2 FOURIER SERIES APPROXIMATION OF WIND LOADING 
The Swiss code of practice 90  defines the circumferential pressure 
distribution over a sphere, Cr,,  by tabulating its value at a finite number of 
points, as shown in Table A5.1 below. 
e 	C(e) 	e 	C r,(e) 
0 1.0 180 0.4 
15 0.9 195 1.3 
30 0.5 210 0.1 
45 -0.1 225 -0.2 
60 -0.7 240 -0.6 
75 -1.1 255 -1.0 
90 -1.2 270 -1.2 
105 -1.0 285 -1.1 
120 -0.6 300 -0.7 
135 -0.2 315 -0.1 
150 01 330 0.5 
165 0.3 345 0.9 
Table A5.1 Pressure distribution across surface of a sphere 
Several methods exist for calculating the Fourier series coefficients of 
such a function numerically. In this work the method presented by Kufner 
and Kadlec 102,  based on Runge's twenty four point scheme was used. The 
reader is requested to follow the description given in that work when 
studying this appendix. 
Setting up Runge's 24 point scheme for the above function 
	
1.0 	0.9 	0.5 -0.1 -0.7 -1.1 -1.2 -1.0 -0.6 -0.2 	0.1 	0.3 0.4 
0.9 0.5 -0.1 -0.7 -1.1 -1.2 -1.0 -0.6 -0.2 0.1 0.3 
sum 1.0 	1.8 	1.0 	-0.2 -1.4 -2.2 -2.4 -2.0 -1.2 -0.4 	0.2 	0.6 0.4 
dift 	0 0 0 0 	0 	0 	0 	0 	0 	0 0 0 
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1.0 	1.8 	1.0 -0.2 -1.4 -2.2 -2.4 
0.4 0.6 0.2 -0.4 -1.2 -2.0 
sum 1.4 	2.4 	1.2 -0.6 -2.6 -4.2 -2.4 
duff 0.6 1.2 0.8 	0.2 -0.2 -0.2 
1.4 2.4 1.2 	-0.6 
-2.4 -4.2 -2.6 
sum -1.0 -1.8 -1.4 	-0.6 
diff 	3.8 6.6 3.8 
From which the following constants can be obtained 
K0 = 	-1.0 q0 = 	0.6 
K 1 = 	-1.8 q 1 = 	1.2 
K2 = 	-1.4 q2 = 	0.8 
K 3 = 	-0.6 q 3 = 	0.2 
q 4 = -0.2 
L0 = 	3.8 q 5 = 	-0.2 
L 1 = 	6.6 
L 2 = 	3.8 
Substituting these values into equations 6.12 in reference 102. 
a0 = -0.2000 
a 1 = 	0.2035 
a2 = 	0.9513 
a 3 = 	0.1374 
a 4 = -0.0500 
a 5 = -0.0180 
Hence the Fourier series is: 
C(G)= - 0.20 + 0.2035cose + 0.9513cos2e + 0.1374cos3e - 0.05cos4e 
- 0.018cos5e 
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A5.3 	FOURIER SERIES APPROXIMATION OF WAVE LOADING 











represent a  on 
Fig. A5.3 Distribution of wave loading 
This force can be expressed mathematically as shown in Eq. (A5.10) 
below. 





In order to represent this load as a Fourier series of the form, 
F(s) 	= 	TAM cos me 	 (A5.11) 
the values of the constants A 0, A 1 . ..... A m need to be calculated. These 
values can be obtained from Eqs (A5.12) & (A5.13) shown below 106 . 
i.e. 	 A0 	= 	/ 	ff(e) de 	 (A5.12) 
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lit 
and 	 Am 	= 	1/ir .ff(8) cosme d 	 (A5.13) 
From (A5.12) and considering Eq. (A5.10), the following can be obtained: 
SSIZ 
A0 	= 	1/2 ff fd(e) 
=1/27 
 [e]3" = 1 /2 	 (A5.14) 
and similarly from Eqs (A5.10) & (A5.13), 




 [sin me] 11., 
2'm1T cos mit sin mit/ (A5.15) 
Hence; substituting in (A5.11), 
F(s) 	= 	2 + 2, 	1/m(cos mit Siflmit/2)  cos me 	(A5.16) 
ln= I 
Now when m is even, Am,  from Eq. (A5.15) is zero since sin mit,2 = 
Also, when m is odd, cos mit = -1, and sin miT12 = ± 1. 
Hence, Eq. (A5.16) can be rewritten as: 
F(8) 	= 	1 / 	+ 2/ 







A6.1 	Centre line coordinates of outer jacket 	 (6-2) 
A6.2 	Centre line coordinates of inner tank 	 (6-3) 
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A6.1 CENTRE LINE COORDINATES OF OUTER JACKET 
Axial Radial 0.1 3472E+02 0.23947E+02 
(m) (m) 0.13972E+02 0.24187E+02 
0.14472E+02 0.24410E+02 
0.00000E+00 O.00000E+00 0.14972E+02 0.24616E+02 
0.40859E-02 0.50000E+00 0.1 5472E+02 0.24806E+02 
0.16352E-01 0.10000E+01 0.15972E+02 0.24980E+02 
0.36812E-01 0.15000E+01 
. 	 0.16472E+02 0.25139E+02 
0.65488E-01 0.20000E+01 0.16972E+02 0.25282E+02 
0.10241E+00 0.25000E+01 0.17472E+02 0.25410E+02 
0.14762E+00 0.30000E+01 0.17972E+02 0.25522E+02 
0.20118E+00 0.35000E+01 0.18472E+02 0.25620E+02 
0.26313E+00 0.40000E+01 0.18972E+02 0.25702E+02 
0.33356E+00 0.45000E+01 0.1 9472E+02 0.25770E+02 
0.41255E+00 0.50000E+01 0.19972E+02 0.25822E+02 
0.50018E+00 0.55000E+01 0.20472E+02 0.25860E+02 
0.59657E00 0.60000E+01 0.20972E+02 0.25882E+02 
0.70184E+00 0.65000E+01 0.21472E+02 0.25889E+02 
0.81611E+00 0.70000E+01 0.21972E+02 0.25880E+02 
0.93953E+00 0.75000E+01 0.22472E+02 0.25856E+02 
0.10723E+01 0.80000E+01 0.22972E+02 0.25816E+02 
0.12145E+01 0.85000E+01 0.23472E+02 0.25760E+02 
0.1 3664E+0 1 0.90000E+01 0.23972E+02 0.25686E+02 
0.15282E+01 0.95000E+01 0.24472E+02 0.25596E+02 
0.17001E+01 0.10000E+02 0.24972E+02 0.25488E+02 
0.18824E+01 0.10500E+02 0.25472E+02 0.25361E+02 
0.20754E+01 0.11000E+02 0.25972E+02 0.25215E+02 
0.22793E+01 0.1 1 500E+02 0.26472E+02 0.25049E+02 
0.24946E+01 0.12000E+02 0.26972E+02 0.24861E+02 
0.27216E+01 0.12500E+02 0.27472E+02 0.24652E+02 
0.29607E+01 0.13000E+02 0.27972E+02 0.24418E+02 
0.32123E+01 0.13500E+02 0.28472E+02 0.24158E+02 
0.34770E+01 0.14000E+02 0.28972E+02 0.23871E+02 
0.37554E+01 0.14500E+02 0.29472E+02 0.23552E+02 
0.40480E+01 0.15000E+02 0.29972E+02 0.23199E+02 
0.43556E+01 0.1 5500E+02 0.30472E+02 0.22808E+02 
0.46789E+01 0.1 6000E+02 0.30972E+02 0.22372E+02 
0.50188E+01 0.16500E+02 0.31472E+02 0.21883E+02 
0.53765E+01 0.17000E+02 0.31928E+02 0.21383E+02 
0.57529E+01 0.17500E+02 0.32334E+02 0.20883E+02 
0.61494E+01 0.18000E+02 0.32696E+02 0.20383E+02 
0.65676E+01 0.18500E+02 0.33017E+02 0.19883E+02 
0.70093E+01 0.19000E+02 0.33300E+02 0.19383E+02 
0.74766E+01 0.19500E+02 0.33549E+02 0.18883E+02 
0.79720E+01 0.20000E+02 0.33765E+02 0.1 8383E+02 
0.84720E+01 0.20476E+02 0.33950E+02 0.1 7883E+02 
0.89720E+01 0.20924E+02 0.34'104E+02 0.17383E+02 
0.94720E+01 0.21347E+02 0.34228E+02 0.1 6883E+02 
0.99720E+01 0.21745E+02 0.34324E+02 0.16383E+02 
0.10472E+02 0.22121E+02 0.34390E+02 0.15883E+02 
0.1 0972E+02 0.22475E+02 0.34427E+02 0.15383E+02 
0.11472E+02 0.22808E+02 0.34434E+02 0.14883E+02 
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A7.1 	Outline of wave theories 	 (7.2) 
A7.2 	Range of validity of wave theories 	 (7.6) 
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A7.1 OUTLINE OF WAVE THEORIES 
Both the linear Airy wave theory and the non-linear Stokes wave theory 
are developed from solutions to Laplace's equation of continuity, 
- + - = 0  
a x 2 	ay 2 
where 	is the velocity function; x is the axis in the direction of 
propagation of the wave; and v is the axis normal to the water surface and 





Fig. A7.1 Wave Profile 
A different velocity function is assumed in each case to satisfy the 
boundary-value problem with three boundary conditions 96 : 
the bottom boundary condition requiring that the water particles 
at the seabed remain in contact with it at all times, 
S4 
i.e. 	 - 	= 0 	at y = - d 	 (7.2) 
where d is the depth of water below the still water level; 
the kinematic free-surface boundary condition requiring that the 
7-2 
water particles at the free surface remain at the free surface at all 
times, 
Sv 
i.e. 	 v 	= u— 	+ 	-. 	 (7.3) 
Sx 6t 
where u and v are the components of the water particle velocity 
in the x and y directions respectively; and 
(iii) the dynamic free surface boundary condition requiring that the 
pressure at the free surface is zero. 
i.e. 	 P = 0 at s= d + y 	 (7.4) 
Linear Airy wave theory 
The linear Airy wave theory is developed following the linearisation of 
the non-linear free surface boundary condition (i.e. (ii)). An assumed 
velocity potential of the form, 
= 	Peito) 	 (7.5) 
is employed to solve the boundary value problem resulting in an equation 
for the free surface, ((t)), of the form, 
(t) 	= H, cos 21T (x 	- '/T ) 
	
( 7.6) 
where H is the wave height; L is the wave length; and T is the wave 
period. 
The corresponding horizontal water particle velocity and acceleration 
due to the waves are then given by: 
6u 	Tr 	 cosh 27T (yd)  
- = - 
( 	 ) cos  21W4/L_'/T) 	(7.7) 
5t 	T 	sinh 	2Ttd, 
and 
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2TT 2 H 
T2 
cosh 2ff ( v+d)/L 
) sin 2w(x/L_t/T ) 
2 sinh 	TTd 
(7.8) 
With similar expressions for the vertical water particle velocity and 
acceleration. 
The derivations of these velocities and accelerations can be readily 
appreciated in numerous references 93.96 
Stokes 5th order wave theory 
Stokes 5th order wave theory is based on the non-linear free surface 
boundary condition and assumes a potential function of a trigonometrical 
form as shown in equation (7.9) below. 
= 	L1 	(),A 11 + X 'A l 3  + X 5 A 15) cosh Bs sin  
• 	X 2 A22 + XA24 cosh 2Bs sin 28 
• 	X 3 A33 + X 5 A35 cosh 38s sin 38 
• 	X4 A44 cosh 4s sin 48 
• 	X 5 A55 cosh 5as sin 581 	 (7.9) 
Where A 11 , A l2, etc are constants for the particular wave; E is the wave 
celerity; X is 2L  (a = constant); B is 2 IT/L; and 8 is 21i(x/L - / T) 
The resulting profile is 




 B35) cos38 
• X4 B44 cos48 
• X5 B
55 cos58} 	 (7.10) 
where B22 , B 24. etc. are constants for the particular wave. 
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Hence the horizontal water particle velocity is given by: 
U = 	( ( XA 1 
 + X3 A13+ X 5 A 15) cosh8s cos8 
+ 2(X 2A22+ X4  A24)cosh 2Bs cos 28 
+ 3(A 3 A33 + X 5 A35) cosh 313s cos 38 
+ 4X 4 A44 cosh 48s cos 48 
+ 5X 5 A55 cosh 58s cos 58) 	(7.11) 
And, the corresponding horizontal water particle acceleration is given by: 
= 	''LC(ll + X 3 A 13 + X 5 A 15) coshBs sin8 
t 2 	 + 4(X 2 A22  + X'A24) cosh 28s sin 29 
+ 9(X 3 A33 + X 5 A35) cosh 3Bs sin 3 
+ 16X 4 A44 cosh 413s sin 48 
+ 25X 5 A55 cosh 58s sin 5} 	(7.12) 
For a complete derivation of this theory, the reader is referred to 107 
7-5 
A7.2 RANGE OF VALIDITY FOR THE DIFFERENT WAVE THEORIES 
Fig A7.2 below shows the range of validity of numerous wave theories 
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ABSTRACT 
Aspects of the problems associated with the 
storage of liquid gases such as LPG and LNG 
are discussed and the question of using under- 
water locations for such purposes is considered. 
The relative merits of different forms of 
underwater storage such as the use of existing 
spent gas fields and specially built vessels 
are examined. 
In particular, regarding storage vessels, an 
optimum Structural form is proposed and its 
suitability under many different types of 
loading is examined. 
Benefits that could be gained by using under -
water storage vessels in inshore and more open 
waters within a supply chain for liquid gases 
are put forward. 
Keywords: Underwater storage, liquid gases, 
structural implications. 
INTRODUCTION 
The storage of liquid gases such as liquid 
natural gas (L.N.G.) and liquid petroleum gas 
(L.P.G.) on land is quite space consuming and 
can present a hazard threat to the surrounding 
neighbourhood. 
The surface storage of these liquids is the 
most risky and has to be carried Out remote 
from urban areas. Consequently distribution 
costs to centres of demand are increased. 
Enhanced protection can be achieved using 
underground storage tanks with the containment 
of LNG by ground freezing around suitably ex-
cavated holes and in buried pre-stressed 
concrete chambers. [1,2 	The feasibility 
of constructing such tanks depends a lot on 
the level of local seismicity, geological and 
soil factors. 
When large quantities of natural gas are ob-
tainable far in excess of immediate demand, 
steps can be taken to store it in exhausted 
underground gas fields C31. In this approach 
to storage use is made of an already estab-
lished distribution system and has appeal as 
a more energy conserving procedure than flaring 
-off at source. 
As an alternative to land based surface and 
underground storage of volatile liquids con-
sideration could be given to storing them 
offshore from distribution centres and under-
water to benefit from a calmer environment 
than that existing at the air-sea interface. 
The need for some form of back-up storage 
facility during adverse weather conditions 
could exist at offshore gas and oil produc-
tion facilities feeding, to tanker transport a-
tion. Some underwater storage capacity 
sufficient to allow production to continue 
during Storms would be useful. 
In this work a particular form of structure 
suitable for the underwater storage of 
hazardous liquids is Considered and the design 
for an L.N.G. vessel of quite large capacity 
is considered in some detail with particular 
reference to the types of loading it would 
have to endure. 
NOTATION 
O 2 maximum diarneer of shell = 2R 
d = design head 
H = height of shell 
= wave height 
R 	maximum radius of shell 
t = width of gap between inner and outer g 	shells 
t i = thickness of inner shell 
to = thickness of outer shell 
V 1 = capacity or volume of inner shell 
V0 = capcity or volume of outer shell 
Z = operating depth = d+H 
z = hydrostatic head 
YL = mass desnity of contained liqui ti  
mass density of sea water 
design stress 
STRUCTURAL FORM 
The type of storage facility to be used in 
conjunction with gas and oil production off-
shore has received much attention in recent 
years. Mostly these facilities have been 
associated with offshore gas and oil fields 
56 but one of the early uses of large underwater 
tanks was for extending the collection point 
for onshore produced oil to a location where 
large tanker ships could approach without the 
need for an expensive harbour(4). 	In this 
case a series of three steel tanks, pinned to 
the sea bed, were employed and supported a 
mooring platform above the sea surface.. 
One of the first large underwater storage 
tanks for offshore oil production was that 
built for the Ekofisk field in the North sea 
in 1973 (5). 	This was constructed in cell- 
ular form using pre-stressed, post-tensioned 
concrete and relied on gravity for its stab- 
ility. 	Subsequently a number of gravity 
production platforms were developed and built 
in concrete with base storage facilities rest-
ing on the sea bed (6,7,8). 
The concept of floating surface storage vessels 
with associated production facilities has been 
developed for liquefied gase using pre-stressed 
concrete as the material of the hull support- 
ing steel storage tanks (9). 
The conditions at the air/sea interface are 
demanding and more recently underwater storage 
tanks in proximity to the production platforms 
have been proposed (10-13) with the emphasis on 
concrete as the main structural material. 
In all these cases the predominant structural 
form was cylindrical in single units or 
cellular groups often of circular .section with 
hemispherical ends or conical caps. 	The shell 
of revolution has stable characteristics under 
external or internal pressure and can be stiff- 
ened easily against buckling. 	The common 
shapes particularly suitable for great water 
depths (200m) are circular cylinders and 
spheres (13,14). 
For shallow and intermediate depths of water 
(<200m) there is at least one other shape of 
shell of revolution which could be considered 
and would provide economy of material and lend 
itself to fabrication readily. 	In particular 
the spheroidal or drop shape, Fig.l, is worthy 
of examination since it has been shown that 
uniform stressing or strength can be achieved 
within it under certain external pressure 
design conditions (15-17). 	It is interesting 
to note also that there are apparent precedents 
within the marine animal kingdom for using 
such a shape underwater, (15), giving rise 
appropriately to the term Echinodome for this 
generic structural form. 
A design for a fully submerged L.N.G. tank is 
outlined below based on the concept of the 
Echinodome or shell of revolution and uniform 
strengtn 
STORAGE REQUIREMENT FOR L.N.G. - GENERAL BRIEF 
A requirement for an underwater storaqe facility 
to contain nominall7 45000m3 of L.N.G. at a 
location 57 0-25'-30 N and 000_00_000 W was 
examined, the mean water depth being 90m (18). 
In order to minimise fabrication and install-
ation costs a single vessel was desired. The 
structure was to be recoverable and reusable in 
other similar situations, and could be either 
free floating submerged or resting on the sea 
bed. 
A double skin design was envisaged with the 
outer structural shell resisting external 
forces and the inner shell, separated by a 
constant air gap from the outer one, contain-
ing the liquid at nominally atmospheric 
pressure. 
The form selected was that of the drop shape 
or Echinodome in an effort to achieve uniform 
stressing under the operating mean hydrostatic 
head and economise on materials as well as 
construction costs. 
DESIGN PROCEDURE 
Choice of Materials: 
For the outer structural shell concrete was 
preferred because it offered the prospect of 
greater stability under external pressure since 
a thicker shell, from a strength point of view, 
would be required in comparison with a steel 
alternative. 	In zones where high tension 
might arise concrete could be pre-stressed in 
compression without much difficulty. A grade 
60 concrete was chosen for the tank. 
The inner shell was to sustain only internal 
hydrostatic pressure from the liquid but had a 
severe thermal loading with the inner surface 
being at -162 0C \inder fully operational con-
ditions. 	'ine characteristics of 9% nickel 
steel were felt to be most suitable for this 
task. 
Shape Selection: 
The procedure for selecting the centre line 
profile of a shell of uniform strength has 
been described elsewhere (15,16) and in the 
case of a double skin structure it is necess-
ary only to apply the procedure to one or 
other of the two layers when the air gap 
profile is specified. 	In this case it was 
decided to determine the shape of the outer 
shell by the prediction procedure, an outline 
of which is given by the following steps. 
1. Select a range of values for the outer 
shell of, 
the design head, d, (see Fig.}); 
the design stress, ad,  for the 
material; and, 
the material thickness to . 
2. Run the shape prediction program to obtain 
a set of design curves corresponding to 
the range of parameter values in 1. above. 
A typical set of curves is shown in Fig.2 giving 
the variation of capacity, v o l with operating 
depth, 2. 
3. For the actual operating depth establish 
from the design curves the combination of 
of d, to and a that would give the re- 
quired volume. 
A. Select(a) the width of gap/thickness of 
insulation, t 	between inner and outer 
shells; and, (b) the thickness of the in-
ner tank, t 1 . 
S. Run the shape prediction program to obtain, 
the shapes of the inner and outer shell; 
the enclosed volumes of the inner and 
outer shells; 
the volume or amount of material used 
in each shell. 
The particular location considered here had a 
total mean water depth of 90 m. For a design 
head d = 40 m with t o = 240 m and a
d  25MM/rn2 
the above procedure gave a capacity V 0 = 52e00rn3 
at an operating depth of Z = 75m. 
An adequate gap between shells was felt desir-
able for maintenance purposes and t 9 = 1000 nun 
was chosen, and with t = 50 nun this gave an 
inner container capacity, v = 44975 m 3 . 
The operating depth of 75 m was consistent with 
a maximum shell height H = 35 in and a maximum 
diameter of 52 in. 
A floating submerged structure was feasible, and 
allowing for a base to the actual shell of 3 m 
depth a nominal clear distance remained between 
sea bed and underside of structure of 12 in. 
Stability of Shells 
Experimental investigations. [17] on a small 
prototype and computer studies [17,19] on both 
large and small shells, using finite element 
analysis, indicated the existence, even under 
axisyrmnetric loading, of high hoop and meri-
dional stresses near the base. Evidence'was 
present also of bending in this region sug-
gesting that localised buckling could occur, 
Figs 3 and 4. The first of these figures shows 
the variation of the membrane forces and the 
inner and outer surface stresses over the meri-
dian, and the second gives the deflected shape. 
Both correspond to the design bead of 40 in on 
the outer shell. 
In consequence, although stress limits were not 
exceeded in the material at the design head it 
it was felt necessary to strengthen the shell 
over the bottom 10% of the meridional length. 
to raise the critical buckling pressure to more 
than twice the design head. The modification 
to the shape in the lower region is as shown in 
Fig. 5. Buckling analysis of the modified 
shape under external pressure revealed a cri-
tical pressure corresponding to an external 
head of more than three times the design value. 
A similar approach was used for the inner steel 
shell resulting in a critical buckling pressure 
of more than 3.6 times the design head under 
normal operating conditions. The greater im-
provement in buckling performance from the outer 
shell compared with the inner was due to the 
greater thickness of the former. 
The final design shape is shown in Fig. 6. 
RESPONSES TO LOADINGS 
The main loadings on the tank would arise 
during laonch and installation as well as 
operation. The following loading effects 
have been examined: 
mean static head - axisymrinetrjc; 
fluctuating static head aue to waves and 
tidal variatons - axisyrrunetric; 
current drag - symmetric; 
hydrodynamic effects due to currents and 
waves - symmetric; 
wind on the completed structure - symmetric; 
tallation and towing. 
The worst load combination was found to be the 
SUM of 1. to 4. except that in the case of the 
hydrodynamic loading the drag component alone 
gave the worst effect. 
The design load characteristics are given in 
Table 	and the critical wave position with 
respect to the structure is illustrated in 
Fig. 7a for the maximum hydrodynamic load, and 
Fig. 7b for the worst loao combination. 
Table 1 
ENVIRONMENTAL LOADS 
Location 	57° -25'-30" N - Do- 001-001,W 
Mean water depth 90 in 
Design head 40 in 
Design wave* wave height = 28m. 
wave period a 15s 
Design Current velocity = 0.89 rn/s 
Design windl mean hourly 	
3333 rn/s speed (10 	in) wind speed 
*Design wave and design hourly wind 
speed based on a 50 year return period 
The stress distributions and displacements 
arising from this load combination are shown 
in Figs 8a and 8b. 
Seismic and impact effects are receiving at-
tention as are the thermal loadings from the 
storage of cryogenic liquid in the inner tank. 
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58 INSTALLATION 
The structure would be provided with a series 
of towing points at the maximum diameter ar-
ranged in two symmetrical diametrally opposed 
groups, Fig. 9, the localised forces being 
transferred into the outer shell via distri-
bution plates on its inner surface. 
Two tugs would be required for the towing 
qperation, one fore and aft. The structure 
would be ballasted down to the level of the 
maximum diameter using water in the lower part 
of the inner shell. 'This water would be con-
tained beneath an insulated and impervious 
flexible membrane attached to the inner peri-
phery at the maximum diameter. Also ballast-
ing chambers would be provided in the concrete 
base and use made of power controlled valves. 
The integral base, concentric with the flat 
bottom of the shell Structure, would be nomi-
nally 30 m diameter and 3 m deep. 
The nominal mass of the shell structure and 
its base are listed in Table 2. 
Table 2 
Portion of Tank 	Mass (kg x 10) 
Outer concrete shell 3715 
Inner steel shell 	2320 
Concrete base 	1000 
Total 	 7035 
Approximately 1.9 x 10 4 m of water is required 
to ballast the tank to the towing level. The 
tugs would control stability in the direction 
of tow with the partially submerged tank being 
reasonably stable in moderate seas suitable 
for towing. 
At a towing speed of 2 rn/s the cable forces 
could be transferred adequately into the outer 
shell without any localised thickening of the 
shell wall. 
The towing points would be proived with univer-
sal bearing heads and once the tank was located 
over the station sinking would proceed with 
the power controlled valves, operated from the 
surface, permitting a very gradual descent on 
to a previously located anchor block at the 
sea 'bed. The tugs would guide the descent 
taking very little load in the attached cables, 
see Fig. lOa. 
OPERATION 
The sea bed anchor block of nominal size 
50 m x So ii x 6m, which is required to hold 
the tank full of L.N.G. at its operating 
depth, would be placed near to a riser from 
a buried pipeline to the production platform. 
A flexible connection would be made from the 
riser to the tank, via its apex, and the tank 
filled with L.N.G. with the aid of pumping. 
The ballasting water would be exhausted to the 
sea. As filling with L.N.G. took place the 
tank would rise from the anchor block because 
of the nominal 50% reduction in contained 
liquid mass density compared with sea water, 
tensioning the cables in the process, see Fig. 
lOb. 
Outlet from the tank would be through the apex 
using a flexible line via a submerged buoy to 
a surface pick-up buoy close to a tanker (20). 
The tanker would uplift the hose from the pick-
up buoy in order to receive the L.N.G., Fig. 11. 
A return line to the production platform via 
the same route is required to take care of 
boil-off from the tanker. The hoses would be 
insulated to reduce the risk of external freez-
ing (20). 
The removal of the underwater tank for main-
tenance or - re-location would be facilitated 
by disconnecting the hoses from the tank and 
linking them directly. This would allow the 
continuance of a supply of L.N.G. from the 
rig to surface tankers. 
DISCUSSION AND CONCLUSIONS 
The shape of the tank proposed is capable of 
being designed to sustain the loadings arising 
from its functions and various environmental 
situations. However, the probability of impact 
effects from objects such as underwater trawls 
could be minimised by the use of surface mar-
kers defining a zone prohibited to fishing 
vessels. 
The flat bottomed shell of spheroidal form has 
weight advantages over similar capacity cylin-
drical or spherical tanks that might be used 
for the same purpose* A spherical shell would 
require a supporting girdle around its hori-
zontal diameter from which its cables/tension 
legs would extend. The stress distributions 
in a spherical shell would be far from uniform 
at the design head, except at very great depths. 
The equivalent cylindrical tank would be non-
uniformly stressed and require ring stiffening 
against buckling. 
In deep water the advantage at first might 
appear to lie with the cylinder or sphere on 
or close to the sea bed but in fact the tension 
leg arrangement would permit an Echinodome to 
be located in the upper 200 m water layer 
above the anchor block on the sea bed. The sea 
bed anchor block could comprise part of a deep 
sea production facility and remove the need for 
a storage vessel on or near the sea bed. 
The tethering arrangement would have benefits 
for the storage tank from the point of view of 
seismic disturbance compared with the situation 
where the tank was founded on the sea bed. 
The high stresses near the base, shown in Fig. 
8a for the worst load combination including the 
50 year design wave, are of the order of strength 
Leick, R.D. & Bode, J.H., "Implosion 	59 
strength of cylindrical concrete shells: 
a comparison of theoretical and experi-
mental results", Journal of Petroleum 
Technology, 32, (January 1980), 27-34. 
Mascaro, F. & Jansky, C.C., "Liquefied 
gas floating facilities for offshore 
service", Proc. Conference on'Design and 
Construction of Offshore Structures' 
Institution of Civil Engineers, London, 
(1976), 107-110. 
Wieske, P., "Underwater storage tank 
system - a new conception for the storage 
of oil and methanol', Symposium on New 
Technologies for Exploration and Exploi-
tation of Oil and Gas Resources', 
Luxembourg, 18-20 April 1979, Graham and 
Trotman, London (1979), 619-636. 
Bozzo, G.M. "Underwater storage tank for 
300m mean water depth", Symposium on 'New 
Technolgoies for Exploration and Exploita-
tion of Oil and Gas Resources, Luxembourg, 
18-20 April 1979, Graham and Trotman, 
London (1979), 637-651. 
Moinard, M. 	'Installation of an under- 
water storage facility by means of a 
multi-articulation column", Symposium 
on 'New Technolgies for Exploration and 
Exploitation of Oil and Gas Resources', 
Luxembourg, 18-20 April 1979, Graham and 
Trotman, London (1979), 652-663. 
Oerrington, J.A., Collard, M.J. & 
Skillman, J.M., "Sea bed containment 
structures for hydrocarbon production", 
Proc. 2nd International Conference on 
'The Behaviour 6f Offshore Structures', 
London, (1979), 577-592. 
Palaninathan, R. & Montague, P., "Studies 
of dome ended composite construction 
cylindrical vessels subjected to external 
pressure", Proc. Part 2, Institution of 
Civil Engineers, 71, (1981), 83-145. 
Royles, R., Sofoluwe, A.8., Baig, M.M. & 
Currie, A.J., "Behaviour of underwater 
enclosures of optimum design", Strain 16, 
(1980), 12-20. 
Royles, R. & Sofoluwe, A.B., "An optimum 
form for underwater storage vessels", 
I.A.S.S.S. (Committee of Pipes and Tanks), 
Symposium on 'Recent developments in the 
field of liquefied gas tanks', Delft, 
(16-20 June 1980). 
Royles, R. & Llambias, J.M., "Examination 
of the buckling behaviour of an under-
water storage vessel", Proc. 5th Inter-
national Congress on 'Experimental 
Mechanics', Montreal, 10-15 June 1984, 
to be published. 
of the concrete selected. Consequently it was 
prudent to increase the quality of the concrete 
for the bottom one tenth portion of the outer 
shell to a grade 80. Some pre-stressing in 
this portion would be required but in the upper 
portion the lower grade 60 material would be 
more than adequate to cope with the purely 
compressive stresses. arising. The deflected 
shapes given in Figs 4 and 8b indicate clearly 
the incidence of bending near the base and the 
need for extra precautions in this region. 
The membrane separater is an essential feature 
of the tank to prevent mixing of L.N.G. and 
water, as was pointed out previously for the 
case of oil and water (10, 11). The same design 
approach could apply to the storage of L.P.G. 
under water. The thermal loadings are not as 
great but as it is a light liquid (similar in 
mass density to L.N.G.) an anchor block would 
be required to overcome buoyancy. 
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Fig. 1 The drop shaped shell - Echinodorne 
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Fig. 6 Design details of double skin tank 
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EXAMINATION OF THE BUCKLING BEHAVIOUR OF AN UNDERWATER STORAGE VESSEL 
K. Royles and J. H. Llambias 
Department of Civil Engineering and Building Science, University of Edinburgh 
ABSTRACT 
Optimum design considerations for an underwater storage vessel to contain liquid gases and oils led to 
the assessment of an axisymmetric shell of revolution - the Echinodome or drop shape. 
Analytical treatment of the various types of loading, to which the shell could be subjected, indicated 
that buckling was the more critical design criteria. 
A small G.R.P. spherical shell under hydrostatic pressure was investigated for its buckling behaviour 
both experimentally and theoretically. 	In the experimental approach surface strains were measured using 
electric resistance strain gauge rosettes on the inner and outer surfaces. 	Predictions of critical buckling 
pressure were made from the experimental results using a Southwell technique and numerically by the finite 
element method. 
Comment is made upon the influence of the results on design procedures. 
Key words: Buckling, underwater, shells of revolution, electric resistance strain gauges, G.R.P. 
INTRODUCTION: 
The storage of hazardous liquids, including liquid gases and oils, underwater has attractions from the 
point of view of safety and economy of space on dry land. The environment beneath the surface is calmer and 
in many respects less demanding than at the air/sea interface. 
An optimum design approach for such storage vessels, based on the minimum weight concept, resulted in an 
axisymmetric shell of revolution - the Echinod omeor drop shape being p roposed 1 S. 	Analytical and numerical 
considerations of the various types of loading that could occur on this kind of structure such as current drag, 
hydrodynamic and hydrostatic forces, seismic and wind effects revealed that symmetric buckling was the more 
critical failure mode to be expected. 
In order to gain a better understanding of the buckling behaviour of this form of shell a small scale 
prototype, representing the Outer pressure hull of a vessel was examined under various external pressure heads. 
The details of the experimental and theoretical studies are reported in this paper and comparisons made between 
them. 	The implications of the results for full scale design are discussed. 
NOTATION 
0 	= maximum diameter of shell 
0 	= design head 
E 	= Young's modulus of elasticity of shell wall 
H 	= height of shell 
R 	= maximum radius of shell 
t 	= mean shell wall thickness 
Z 	= hydrostatic head 
= mass density of sea water 
y s 	= mass density of shell wall 
= design stress 
V 	= Poisson's ratio of shell wall 
El 
THE TEST STRUCTURE 
An axisymmetric drop shaped shell structure was designed for a static external pressure head of 1.525m of 
water with a mean thickness of 3.8mm and a uniform design stress of 0.46MN/m 2 . The meridional profile of the 
shell was determined using a shape predtcitloa program based on the membrane theory' and is of the form shown 
In Fig. 1. 	The shell was constructed in two halves using glass reinforced plastic (G.R.P.) with randomly 
layered chopped strand mat fabric with a glass fraction of 0.26. 	The bonding together of the two halves 
was carried Out using a general purpose araldite adhesive and similarly the shell was mounted symmetrically on 
a rectangular base of tufnol. 
The actual thickness of the shell was established by mapping with an ultrasonic thickness tester. The 
general appearance of the structure is shown in Fig. 2 and its dimensional and material characteristics are 




Design head, d 
Mean wall thickness, t 
Standard deviation on t 
Height, H 
Maximum diamter, 0 
Tufnol base dimensions 
Design stress, 
Young's modulus of elasticity 
Poisson's ratio, V 	- 
Ultimate tensile strength 
Mass density of wall, y 
=l.525m 
= 3.8 mm 
= * l3.3.% 
= 380 mm 
= 450 mm 
= 200 mm x 200 mm x 20 mm 
0.46 mm/m2 	
2 
E = 0.8 x 104 MN/rn 
= 0.36 
= 54.2 MN/m2 
= 1100 kg/m3 
STRAIN GAUGING 
The locations of electric resistance strain gauges were chosen at the intersection of three symmetrically 
arranged meridians and four parallel circles on the outer surface. The more.critical zones were indicated 
theoretically to be near the base and one parallel circle was chosen in this region and the others were 
fairly evenly distributed over the shell height with one near the apex. In order to detect bending as well 
as membrane effects in the more critical zone, two locations on the inner surface were selected corresponding 
to similar points on the outer surface at the parallel circle nearest the base, Fig. 3. 
The strain gauges selected were foil type 450  rectangular rosette form, having the following character-
istics, 
gauge resistance = 350 + 1.0 
gauge factor 	= 2.15 
gauge length = 3mm 
High resistance foil gauges were chosen to minimise heating effects due to bridge excitation arising from 
the poor conductivity of GRP. 
Each rosette was orientated with one gauge along a meridian and the other two disposed in a clockwise 
sense. The gauges were bonded using a cyanoacrylate adhesive to a clean and lightly abraded surface. The 
gauges were given a thin waterproof coating of wax which was brushed on lightly from the molten state. 
This coating was extended over the terminal tags and extended up the insulation of the electrical leads. In 
addition a coating of silicone rubber (room temperature vulcanising type)was applied as a further protection. 
A special bonding technique was developed for attaching the two rosettes to the inner surface of the 
shell using a hand manipulated polystyrene former shaped to the localised curvature. The tufnol base was 
bonded to the shell after attachment of the inner rosettes and electrical leads which passed through a central 
hole in the base sealed with silicone rubber, Fig. 4. 
LOADING ARRANGEMENT 
An autoclave was adapted as a pressure chamber for testing the shell 1 . The chamber was a vertical 
circular cylinder of 465 mm internal dia. and 550 mm length having a spherical bottom and lid, with overall 
height = 750 mm. It was suitable for a safe working pressure of 2 atmospheres (0.2 M14/m2 ) and was fitted 
with a digital pressure indicator as well as a water manometer system. 
The shell was mounted via its tufnol base on a dural platform and its positive buoyancy within the flooded 
chamber was counteracted by a circular cylindrical aluminium strut.. The strain gauge leads passed through a 
3 
gland in the wall of the chamber which was sealed with silicone rubber, see Fig. S. 
INSTRUMENTATION 
Temperature compensation for the active strain gauges was provided by mounting similar rosettes on a 
dummy half shell of the same material in corresponding positions of curvature. The dummy shell, see Fig. 2, 
was placed in an open water tank so that it floated with its external surface gauges immersed and the internal 
surface ones dry. 
The gauges were wired in half bridge configuration and connected to a micro-processor controlled data 
collection system4 , a schematic representation of which is given in Fig. 6. 
The four digit read-out pressure gauge. Setra Systems type (0.17 MN/m 2 capacity), on the pressure chamber 
was calibrated against the water manometer and adjusted to read directly to t 0.005 m. 
TESTING PROCEDURE 
The test shell was placed in the empty chamber and with the lid sealed and bleed valve, Fig. 5, open 
gradual filling with water commenced. When all air was expelled and the bleed valve closed, pressure was 
raised slowly from a gravity head water supply via a control valve. Pressure heads over the apex were 
applied in increments of 100 mm from zero to 1000mm, and thereafterin increments of 250 mm up to 3500 mm. 
The two meridians complemented by strain gauges on the inner surface at tIé base were monitored for each 
pressure head. A single scan of the 30 strain gauge channels was carried out in approximately 7.5 secs. for 
each increment in head. 
Using the 100 mm head readings as a datum a computer program calculated the strain changes for each 
head relative to the datum. These strains were printed out and stored on disk file. Circumferential and 
meridional stresses were also computed although not required for the buckling investigation described here. 
The strain readings were taken on the pressure increasing part of the loading cycle and after unloading 
a rest period was allowed for creep recovery before repeating the cycle. Five loading cycles were carried 
Out in all. 
BUCKLING EXAMINATION 
A linear static stress analysis treatment of the axisymmetric loaded shell at its design head was carried 
out using a finite element simulation based on ring elements. A representation of the displaced shape is 
given in Fig. 7 from which it can be seen that a buckle might arise near the base of the shell. The associated 
circumferential and meridional stresses in the shell are given in Fig. 8 and these displayed a mainly uniform 
variation over the upper 90% of the meridian in conformity with membrane theory. 	A sharp change in the 
stresses occurred near the base. 
Consequently it was decided to examine the buckling behaviour near the base using the two strain gauge 
rosettes on the inner surface near the bottom of the shell, Fig.9. In particular the strain gauges 
orientated along the meridians in these positions were studied in detail. The pressure-strain relationships 
at the two positions are shown in Figs 10 and 11 for the various test runs. These relationships are of a 
hyperbolic form being linear over the range from 0.6 to 2.60 m of pressure head above which the rate of increase 
of pressure with strain diminishes. Such a curve shape renders a Southwell type plot possible for predicting 
the non-linear buckling load 5 ' 6 . 
Strain per unit pressure head versus strain relationships were deduced from the data points in Figs 10 
and 11 directly and plotted in Figs 12 and 13 respectively. As can be seen there is some scatter in the 
results but using a least squares approximation the best straight line through the data points was obtained 
along with the standard deviation. The critical buckling pressure head was determined in each case from the 
slope of the straight line and is quoted in Figs 12 and 13 from which a mean predicted critical buckling 
pressure of 46.35m is found. 
A finite element analysis of the axisyznmetric loading problem using a non-linear elastic treatment based 
on the Mistry 7 program yielded a first axisymmetric critical buckling pressure of 43.26 m with a mode shape 
as shown in Fig. 9. 
DISCUSSION 
The comparison of the experimentally predicted critical buckling pressure with that derived from a 
finite element analysis is good although it must be stated that the finite element approach did predict a 
lower critical buckling pressure in the first symmetric mode, see Fig. 14. In the experimental approach 
described here the choice of meridional strain near the base as the deformation parameter for use in the 
Southwell plot could be expected to yield information mainly about the major deformation mode in that region , 
i.e. first axisymmetric mode. Contributions to deformation from the first symmetric mode could be anticipated 
at levels near the maximum diameter. This phenomenon is being investigated from the data obtained at 
parallel circle 2, see Fig. 3, about which it is hoped to report later. 
4 
Overall the experiments have verified the type of finite element simulation employed and given some 
confidence to its use with thin axisymmetric shells of revolution. 
The distribution of stresses in the shell at the design head, Fig. 8, was fairly uniform. The minor 
fluctuations in the upper 90% of the shell arose from variations in the wall thickness. These results 
tend to Justify the use of a simple membrane analysts in the initial design stages. 
However a design based on the membrane approach must be modified for the bottom 10% of the shell in 
order to counter buckling tendencies in this region. Some gradual thickening of the shell wall in this 
region could have very beneficial effects 8 . 
CONCLUSION 
The Southwell plot approach to buckling in spheriodal type structures is quite feasible and offers a 
non-destructive means of predicting buckling pressures. 
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BUCKLING ASPECTS OF THE BEHAVIOUR OF AN 
UNDERWATER PRESSURE VESSEL 
by 
R Royles* and J M Llambias* 
SYNOPSIS 
The overall buckling behaviour under external hydrostatic pressure of 
a small prototype spheroidal shell of revolution - an Echinodome - is 
examined both experimentally and theoretically. 
The analysis is approached numerically using the finite element method 
and in addition a simplified classical approach is considered. 
An experimental investigation is described relating to a glass 
reinforced plastic shell structure with electric resistance strain 
gauges bonded on the outer and inner surfaces on several meridians and 
parallel circles. 
The pressure - strain response from the various locations were 
analysed using the Southwell method and good agreement was found 
regarding critical pressures and mode shapes with the theoretical 
treatment. 
*University of Edinburgh 
2. 
INTRODUCTION 
Buckling under hydrostatic pressure is a major problem area facing an 
engineer designing underwater shell structures. Structural 
instability in such shelLs can occur well before the material is 
highly stressed and could result in a catastrophic implosive failure. 
Therefore it is very important that the buckling behaviour of any 
particular form of structure is investigated carefully before 
employing it in underwater applications.. 
The shell examined here is one of uniform strength, the Echinodome 
(1). It is axisymmetric and for a certain loading condition- mean 
hydrostatic head - it is an optimum form. This type of vessel could 
be used for storage of liquids or as a one atmosphere enclosure in a 
sub-sea environment. 
The buckling behaviour of this shell form is examined here both 
experimentally and theoretically. 
A linear and non-Linear elastic buckling analysis of a small prototype 
is carried out, using the finite element method, to determine the 
critical buckling pressures and their corresponding mode shapes. 
These are subsequently compared with an approximate solution obtained 
using the classical, shell theory. 
Then the numerical results are verified by experimentaL work based on 
the Southwell technique for predicting the critical buckling loads of 
structures. 
ANALYTICAL APPROACH 
Considerable work has been done, over the past fifty years, to develop 
a theoreticaL model for predicting the buckling Loads and mode shapes 
of shells of revolution (2,3,4,5). 
Most of this work was based on Love's general shell theory (6) and was 
restricted to simple problems such as spheres and cylinders under 
external pressure, as the differential equations for these shapes lent 
themselves to exact analytical solutions. The results obtained from 
this classical approach were well above observed experimental values 
and further work was necessary to lower the predicted buckling 
pressures by taking into account initial imperfections (5,7). 
The development of the finite element method permitted the buckling 
examination of general shells of revolution (8,9,10). 
In the present work the Mistry finite element program (8,9,11) was 
adopted for predicting critical buckling toads corresponding to either 
snap through coLlapse or non-axisymmetric bifurcation buckling. 
A detaiLed explanation of the theory behind this procedure has been 
presented previously (9,11). 
3. 
A small prototype of glass reinforced plastic having the dimensions as 
shown in Fig 1, was simulated using ring elements taking into account 
the variation in mean thickness down the meridian. 
The material has a Young's iodulus of 0.88 x 10 4 MN/m 2 , an ultimate 
tensile strength of 54.2MN/m and a Poisson's ratio of 0.36. 
Elastic buckling analyses of the prototype under external hydrostatic 
pressure were performed using both linear and non-linear pre-buckling 
stress resultants and the results are shown in Table 1. 
Type of buckling 	 Buckling pressure head 
(m) 
Linear 	non-linear 
Snap through (n0) 	 103.74 	43.20 
Bifurcation 	(n1) 40.26 31.48 
Table 1 	TheoreticaL buckling pressure heads 
(n = harmonic number) 
The corresponding buckling mode shapes are shown in Fig 2. 
The cpu time required for a buckling analysis using linear pre-
buckling stress resultants was 22.5s whilst the cpu time required for 
a buckling analysis using non-linear pre-buckling stress resultants 
was 193.9s. 
It is interesting to note that in this particular case the ultimate 
strength of the shell material would be exceeded in the bottom tenth 
of the shell wall before bifurcation buckling occurred. The maximum 
pre-buckling Von Mises stresses for the non-Linear buckling analysis 
are shown in Table 2. 
Type of buckling 	 Max Von Miss stress 
(MN/me ) 
Snap through (n0) 	 178.2 
Bifurcation (n1) 78.7 
Table 2 	Maximum pre-buckling Von Mises stresses for 
the non-Linear buckling analyses 
The cost in terms of computer run-time and storage is quite high for a 
buckling analysis based on the finite element method. As a result a 
classical approach to buckling was examined to determine whether it 
could be used in the initial stages of design to give an accurate and 
quick approximation of the critical buckling pressure of the 
Ech i nodome. 
4. 
The equation for the buckling of a sphere was considered. 	An 
equivalent sphere with a diameter of 1/2(0.45+0.38) = 0.415m and an 
average thickness of 3.8mm was examined under external pressure. 
Using Von—Karman and Tsien's (5) modified linear equation for the 
buckling of the sphere, the critical buckling pressure head was found 
to be 99.8m for axisymmetric snap through collapse. Although this 
agrees well with the critical buckling pressure head for snap through 
collapse obtained from a linear buckling analysis using the finite 
element method (see Table 1), the more critical bifurcation buckling 
pressure head is about 32% of this value. Thus indicating that the 
classical approach could not be used safely in the initial stages of 
the design. 
3. 	EXPERIMENTAL INVESTIGATION 
Test Arran9tMtQj 
In order to gain a better understanding of the buckling behaviour of 
the Echinodome and assess the suitability of the finite element method 
in predicting the critical loads, a series of buckling tests was 
performed on the small prototype, Fig 1. 
Employing an epoxy matrix and randomly orientated chopped strand gLass 
fibre mat the shell was manufactured in two halves using a mould 
consfsting of an inner and an outer part. The shell was Layered up 
gradually on the inner surface of the outer part of the mould, the 
inner part being used to gauge the thickness. The two halves of the 
shelL were bonded together along the meridionaL seam using araldite 
and likewise the complete shell was fixed to its tufnol base. The 
shell walL thickness was determined by mapping the whole surface with 
an ultrasonic device capable of measuring to better than ± 0.01 mm in 
10 mm. The final mean shell thickness was 3.8 mm and the gLass 
fraction was 26% by weight. 
The surface strains were measured using electric resistance strain 
gauges in a rectangular rosette form at 10 locations on two meridians 
at 1200  spacing. A typical meridional arrangement of the gauges is 
indicated in Fig 4. 	The gauges were of 350 ± 1.0 	J.
gauge factor = 2.15 and gauge length = 3mm. More details of the 
strain gauging and associated instrumentation have been presented 
elsewhere (12,13). 
The pressure chamber was a copper autoclave, specially adapted for 
testing the prototype under hydrostatic pressure up to a head of 20 m 
of water. It was cylindrical with an internal diameter. of 465mm. It 
had a torispherical bottom and a spherical removable lid giving it an 
overall height of 750mm. The lid had a sealable bleed hole at its 
apex to allow air to be expelled as the chamber filled. The chamber 
was pressurised, through a hole in its side, directly from the water 
mains.-  
5. 
The pressure was monitored by both a water manometer and a digital 
pressure gauge for heads less than 1 metre and by the digital gauge 
alone for greater heads. The digital pressure gauge was a Setra 
Systems pressure transducer (model 205-2) capable of reading up to 
0.17 MN/rn 2 with a full scale accuracy of 0.1% at constant temperature. 
It was' calibrated against the water manometer and adjusted to read 
directly to + 0.005m. 
The shell inside the test chamber was held in position via its base. 
The leads from the strain gauges were passed through an opening in the 
wall of the chamber which was subsequently filled with silicone rubber 
(room temperature vulcanising) to keep it watertight. 
A view of the whole test apparatus is shown in Fig 3. 
Test Procedure 
Once the prototype was in position inside the chamber, the strain 
gauges were tested using a gauge instalLation tester and a few scans 
were made to ensure that all the equipment was connected and 
functioning correctly. 
After closing the pressure chamber and keeping the bleed valve on the 
Lid open, water was allowed in sLowly. When the chamber was 
completely full and after inspecting for leaks and air bubbles in the 
system, the bleed valve was closed and the pressure was increased 
graduaLLy using a control valve. 
The pressure head over the apex of the shell was raised to 1000mm in 
increments of 100mm and then up tb 3500mm in increments of 250mm. The 
pressurisation was done at a uniform rate throughout - an increment 
approximately every 40s. 
At each pressure level a scan was made of the strain gauges in the two 
meridians. The scans were controlled by a Commodore Pet computer and 
took approximately 7.5s to read the 30 strain gatige channels at each 
increment. These readings were taken on the pressure increasing part 
of the loading cycle as soon as the required pressure was reached in 
each case. 
A total of five runs were made allowing 5 mins between runs for creep 
recovery. 
Test Results 
The pressure - strain curve for each strain gauge was drawn using the 
results from all five 'test runs. Typical relationships from outer 
surface strain gauges near the apex, maximum diameter and near the 
base are shown in Figs 5 to 7. 
All these curves, which were fitted by eye, showed a linear 
relationship between the pressure and strain up to a pressure head of 
about 2.0m. Above this pressure head, the relationship became non-
linear and approximated to a hyperbolic curve. 
It should be noted, though, that not all the strain gauges exhibited a 
hyperbolic pressure - strain relationship. Seven gauges located on 
the second and third parallel circles gave values of strain that were 
either very low or erratic. This could be attributed in part to the 
region being one of very low stress under the loading employed. These 
gauges were ignored in predicting critical loads. 
The approximately hyperbolic nature of the pressure - strain curves 
shown in Figs 5 to 7 suggested that the Southwell technique (14,15,16) 
would be suitable to interpret the results of these buckling tests. 
Since any deformation parameter could be used for obtaining a 
Southwell plot, the measured strains were employed directly for that 
purpose. ASouthwell.plot, in the form of strain per unit pressure 
head against strain, was drawn for all the strain gauges exhibiting a 
hyperbolic pressure - strain relationship (21 out of 30) and the plots 
corresponding to the outer surface data in Figs 5 to 7 are shown in 
Figs 8 to 10. Typical representations from the internal surface data 
were made earlier (13). 
In all these Southwell plots, the straight lines were fitted using a 
curve fitting package based on the least squares approximation (17). 
The critical loads were obtained directly from the equations of the 
straight lines, i.e the inverse of the slope of the line, and a value 
for the standard deviation of all the points used in obtaining this 
equation was obtained from the package. 
The average critical buckling load predicted by the gauges at each 
paraLlel circle was then determined and a listing of the resulting 
meridional variation in the predicted critical buckLing load is shown 
in Table 3. 
7. 
Parallel 	 Direction 
circle of gauge 









2 mer 44.2 
45 25.1 
c i r - 
3 mer 46.6 
45 29.6 
dr - 
4(outer) mer 42.5 
45 43.3 
dr 43.7 
4(inner) mer 44.7 
45 46.4 
dr 45.0 
Table 3 	Mean predicted buckling pressure heads at each 
parallel circle 
(mer = meridional gauge; 45 = gauge at 45 0 to the 
meridian; cir = circumferential gauge) 
4. 	DISCUSSION 
Table 3 shows that there is some variation in the predicted critical 
Load depending on the position and orientation of the strain gauge on 
the surface of the shell. 
All the strain gauges near the base gave vaLues for the critical load 
which were within 6% of each other. The outer surface strain gauges 
predicted an average pressure head of 43.2m whilst the inner surface 
strain gauge predicted a value of 45.9m, giving an overall mean value 
for the critical pressure head of 44.3m for that region. 
It is interesting to note that on the other three parallel circles, 
some of the strain gauges predicted a buckling pressure head very 
close to this value, indicating the possibiLities of global buckling 
taking place around a pressure level equal to an overall mean 
hydrostatic head of 41.7m. The fact that in the vicinity of the 
shell's maximum diameter (i.e. parallel circles 2 and 3) only the 
gauges orientated along the meridian predicted a global type of 
buckling further suggests that in this mode shape there was much more 
deformation in the meridional plane than in any other and therefore 
indicated an axisymmetric buckling mode. 
S. 
However, some of the other strain gauges in the upper part of the 
shell predicted values considerably less than 41.7m, suggesting that 
local buckling was occurring at a lower head. This tower head was 
predicted to be 36.3m by the meridional strain gauges in parallel 
circle 1 and 27.4m by the non—meridional strain gauges in parallel 
circles 2 and 3. The implications of these results are that the 
effects of local snap through buckling were more pronounced at the 
apex, i.e. dimpling, and that around the shell's maximum diameter a 
non—axisymmetric buckling mode was exhibiting itself. 
In generaL, the experimental results compared well with the numerical 
ones, see Table 4. 




Axisyrumetric 	 41.7 	43.2 
Non—axisymmetric 	 27.4 31.5 
Table 4 	Comparison of experimental and numerical results 
The non—linear results from the finite element analysis were used for 
this comparison since the Southwell plot predicts the non—linear 
buckling loads of structures. 
The table above shows that for both axisymmetric and non—axisymmetric 
buckling the experimental critical load was lower than the numerical 
one, the experimental value being within 4% and 12% of the numerical 
one for the axisymmetric and non—axisymmetric modes respectively. The 
greater discrepancy between the values for the non—axi symmetric 
buckling could be accounted for by the fact that very few of the 
strain gauges were predicting that mode shape. The translationaL 
deflections involved with that particular mode of buckling were very 
small and consequently some of the strain gauges'that could have 
predicted it (i.e. those on parallel circles 2 and 3) gave values of 
strain that were too low and could not be used to construct a 
Southwell plot. 
However, some difference could be expected between the experimental 
and numerical results in view of the thickness variation over the 
shell surface. It was possible only to model a meridional variation 
in thickness in the finite element analysis whilst in actual fact 
there was also a circumferential variation, see Table 5. Nonetheless 
an attempt was made to deaL with this variation by averaging the 
results obtained from each parallel circle so as to enable a 
comparison with the finite element method. 
Other factors, such as the level of geometric imperfections and the 
degree of fixity at the support also could have influenced the 
experimental values obtained. But, it shouLd be noted that a 
SouthweLl pLot would be predicting the critical load of the actual 
9. 
prototype together with all its imperfections, variations in thickness 
etc. and it is the numerical finite element simulation which has to 
approximate the actual behaviour as best as possible. 
Only a test to destruction could give the actual buckling load of any 
particular form of shell together with all its imperfections and 
irregularities and ultimately a buckling test to destruction should be 
carried out as it would be the only way of confirming the Southuell 
plot. 
In this work, the non—destructive test based on the Southwell plot was 
employed to verify the results obtained from the finite element method 
as only one prototype was available for testing and a whole series of 
future tests on it had been planned. The results of this work 
substantiates the use of the Mistry finite element program for 
buckling analyses and adds some confidence to its use in the design of 
Echinodomes for underwater applications. 
5. 	CONCLUSIONS 
For the Echinodome under external hydrostatic pressure two buckling 
modes were predicted analytically and confirmed experimentally, the 
Lowest critical load being associated with a non—axi symmetric' (i.e. 
translational) bifurcation buckling mode. 
The Southwell approach to the buckling of spheroidal shells of 
revolution was found to be extremely relevant in its abiLity to 
predict both global and local modes of buckling. 
10. 
PARALLEL Distance from AVERAGE THICKNESS 
apex (millimetres) 
CIRCLE 
a 10 3.27 
b 20 3.82 
c 30 3.94 
d 40 4.01 
e 50 4.04 
f 60 3.90 
g 70 3.81 
h 80 3.74 
i 90 3.62 
5 100 3.44 
Total meridional length = L 














Table 5 	Thickness variation over the shell. 
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